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1.0  INTRODUCTION 


In  this  report  we  summarize  various  aspects  of  our 
investigations  of  near  and  far  wing  pressure  broadening  theory 
as  it  applies  to  molecules  of  atmospheric  interest,  particu¬ 
larly  H^O.  The  main  body  of  the  report,  Section  2.0,  describes 
a  new  and  rigorous  theory  for  calculating  far  wing  absorption. 
This  theory  satisfies  the  Fluctuation-Dissipation  Theorem  and 
includes  all  possible  line-coupling  effects.  A  journal  ar¬ 
ticle  describing  the  theory  in  further  detail  is  planned  for 
the  future. 

Section  3.0  summarizes  results  of  our  detailed  cal¬ 
culations  of  Ho0  halfwidths  for  both  N2  and  self-broadening. 

The  results  for  N2  broadening  have  been  incorporated  into  the 
latest  edition  of  the  AFGL  Atmospheric  Line  Parameter  Atlas. 


2.0  RIGOROUS  T-MATRIX  THEORY  OF  MOLECULAR  FAR-WING  ABSORPTION 


2.1  Preliminary  Considerations 

We  shall  discuss  a  microscopic  theory  of  far-wing 
pressure  broadening  which  contains  the  following  features: 

a)  The  theory  satisfies  the  Fluctuation-Dissipation  Theorem 
(FDT )  . 

b)  The  theory  contains  all  possible  line-coupling  effects. 

c)  In  principle  the  theory  contains  pressure  induced  transi¬ 
tions  (electronic  states  must  be  included). 


d)  The  present  theory  can  probably  be  modified  to  include 
two-body  bound  states,  i.e.  dimers. 


The  theory  which  we  shall  discuss  will  be  rigorous 
whenever  the  far-wing  absorption  can  be  described  in  terms  of 
the  binary  collision  approximation  in  its  simplest  sense.  By 
this  we  mean  the  following.  If  ct(uj)  is  the  absorption  co¬ 
efficient,  the  binary  collision  approximation  is  appropriate 
when,  experimentally. 


a(iu) 


1 _  j  1 J 

rad.  per. 


(i) 


for  foreign  gas  broadening. 


a(u>) 


rad , 


(2) 


for  self-broadening,  where  n  ,  ,  n  are  the  radiator  and 

F’’  rad.’  per. 

perturber  densities,  respectively.  We  comment  that  the  ex- 
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isting  experimental  measurements  of  far-wing  absorption - 

for  molecules  of  atmospheric  interest,  e.g.  an<3  CO^,  are 

completely  consistent  with  the  above  conditions,  at  least  at 
the  relatively  low  pressures  appropriate  to  the  measurements. 

The  present  theory  does  not  attempt  to  correctly 
treat  the  strong  absorption  near  the  line  centers  of  allowed 
band .  It  is  important,  however,  to  put  this  neglect  into 


2 


perspective.  For  most  cases,  the  spectral  region  neai’  the 
line  center  is  well  approximated  by  the  impact  approximation, 
which  takes  the  form 


a(w) 


n 


fi 


rad . 


(w-w^)  2  + 


fi 


C  3 ) 


for  a  transition  i  -*■  f.  Here  the  half-width  can  be  written 


fi 


=  n 


per. 


v  a 


fi 


(4) 


where  v  is  the  mean  relative  thermal  velocity  and  is  a 

scattering  cross-section  calculated  in  the  binary  collision 
approximation,  with  independent  of  density. 

In  the  impact  approximation,  a(w)  satisfies  condi¬ 
tion  (1)  as  soon  as  the  approximation 


fi 


f  i 


(w-wfi>2  + 


fi 


(w-wfi>2 


(5) 


is  appropriate.  Clearly  if  Aw  =  |w-wf^|  >  10  rf ^ ,  this  ap¬ 
proximation  is  valid  to  within  one  percent.  A  typical  value 
for  Tfi  appropriate  to  H2O  self-broadening  at  10  Torr  pressure 
is  rfi  =  .006  cm  1  ,  hence  Aw  >  10  corresponds  to 

Aw  >  .06  cm- 1  . 

From  these  considerations  we  conclude  there  is  a 
small  region  near  the  line  center  where  condition  (1)  does 
not  apply.  This  region  should  be  well  described  by  the  usual 
impact  theories.  Beyond  this  region,  condition  (1)  applies 
and  the  theory  presented  in  this  report  should  be  appropriate. 
Moreover,  in  Section  2.4  we  suggest  a  reasonable  interpolation 
formula  to  describe  the  entire  line  profile. 

We  regard  as  imperative  the  requirement  that  a  far 
wing  theory  satisfies  the  FDT.  In  the  far  wings  factors  of 
the  form  exp{±  0hAw}  are  highly  important,  particularly  in 
terms  of  the  temperature  dependence  of  the  far-wing  absorp- 


tion.  Although  a  number  of  authors  have  presented  T-matrix 
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approaches  to  lineshapc  theory, -  it  is  not  clear  to  what 

extent  these  theories  are  consistent  with  the  rDT. 

The  Fluctuation-Dissipation  Theorem  has  been  incor¬ 
porated  into  a  number  of  essentially  phenomenological 
theories—^  using  the  Egelstaf  f- Schofield complex  time 
transformation.  These  theories  force  the  FDT  to  be  valid  on  a 
line-by-line  basis,  using  a  lineshape  function  involving  a 
number  of  adjustable  parameters,  typically  a  time  between 
collisions,  tc,  and  something  analogous  to  the  duration  of 
collision,  x^. 

Our  present  theory  gives  a  microscopic  prescription 
for  calculating  the  above  type  lineshape  functions,  and,  in 
addition,  the  prescription  is  valid  when  line-coupling  effects 
are  included. 


2.2  General  Theory  and  Binary  Collision  Approximation 
We  write  the  absorption  coefficient  as 

a  ( aj )  =  x "  ( w )  ,  (  6  ) 

where  x"(w)  can  be  written 

X"(w)  =  tanh  (^)  C4»Cw)  +  ♦(-«)],  (7a) 

=  (1  -  e"641")  *(u)t  (7b) 

=  [<J>(uj)  -  <j>(-u>)],  (7c) 

with 

♦  («)  =  ft  I  P(€j)  |  <  I  [  ^  I  F>  |  2  SUT  -  Sj-  --Hu).  (8) 

Here  I,  F  refer  to  exact  eigenstates  of  the  many-body  system, 
ft  is  the  system  volume,  and 


it 


C  9 ) 


p(Cj)  =  e'^I/Tr  e_eH, 

is  the  equilibrium  canonical  density  matrix.  The  equivalence 
of  the  three  formulas  (7)  is  contained  in  the  FDT 

♦  <-w)  =  e"®*™  $<to),  (10) 

which  is  easily  proven  from  Eq.  (8). 

In  the  time-domain  the  theory  takes  the  form 

oo 

X"U)  =  tanh  (^)  /  ||  e“iwt  [<J»(t)  +  <J>(-t)],  (11a) 

—  OO 

=  (1  -  e~^U)  /  ||  e‘iwt  $(t),  (lib) 

—  OO 

=  /  ||  e“iuit  [<p(t)  -  *(-t)],  (11c) 

—  OO 

where 

4>(t)  =  Tr  {py«y(t)},  (12) 

<J)(-t)  =  Jjjj  Tr  {pjj*ij(-t)} 

=  Tr  {py(t)*jj},  (13) 

with  y(t)  =  y  e~iHt/h^  The  equivalence  of  formulas 

(11)  is  contained  in  the  time-domain  statement  of  the  FDT 

<M-t)  =  4>  ( t  +  ifHl),  (1*0 

which  follows  from  (12),  (13).  Condition  (14)  must  also  be 
consistent  with  the  condition 

<M-t)  =  <J>  ( t )  * ,  (15) 

which  guarantees  that  <J»(u)  is  real. 

In  all  of  the  above  equations  the  Hamiltonian  H  re¬ 
fers  to  the  full  many-body  Hamiltonian.  We  now  invoke  the 
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binary  collision  approximation  in  its  simplest  sense.  .In  the 
time  domain  we  argue  that  the  far  wings  will  be  determined 
by  times,  t  <  where  xd  is  the  duration  of  a  collision. 

At  typical  low  or  moderate  densities  of  experimental  interest, 
we  argue,  for  such  short  times,  that  it  will  be  impossible 
for  a  given  molecule  to  interact  with  more  than  one  perturber. 
Hence  we  write 

+  <‘>  “  Tr  {pit.S(t))pair,  (15) 

where  Npa^rs  is  the  number  of  possible  pairs  of  radiating  and 
perturbing  molecules.  In  particular 


N  •  =  N  .  N  , 

pairs  rad.  per.’ 

for  foreign  broadening. 


(16a) 


N 


pairs 


rad , 

r~ 


(N 


rad . 


1) 


N 


2 

rad . 


7 


(16b) 


for  self-broadening.  Then  in  Eo.  (15),  the  trace  is  to  be 
taken  corresponding  to  p(H),  H  appropriate  for  a  two-bedy 
(pair)  Hamiltonian.  In  this  expression  we  also  have 


p  =  p^  (foreign) 


(17a) 


p  =  (p,  +  p0)  (self),  (17b) 

X  t. 

where  1,  2  refer  to  radiator  and  perturber  respectively. 

In  the  frequency  domain  we  obtain 

$(«)  =  /  77  4>(t)  e-iwt 

—  co 

N  . 

=  -Pgir.s  J  p(EI)  |<l|p  j  F>  |  2  -  6(  Ep  -  Ej  -  'ftw ) ,  (18) 
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where  I,  F  now  refer  to  exact  eigenstates  of  the  two-body 
Hamiltonian.  It  is  clear  that  the  binary  collision  approxi¬ 
mation  preserves  the  FDT,  in  particular 

4»(-w)  =  e_&irw  $(<„).  (19) 


2.3  T-Matrix  Theory 

We  begin  by  rewriting  Eq.  (18)  as 

♦  Cm)  =  N?g-rS-  /  dE  l  p(EI)|<l|y|F>|2 

_oo  IF 

•  fitEj-E)  6(Er-E-hio),  (20) 

or 

♦  <<o)  =  7  dE  e~pE  l  | < 1 1 P  | F>  |  2 

IF 

-  <S(Ej-E)  6(EF-E-hw),  (21) 

—  8H 

where  Z  =  Tr  e  p  is  the  two-body  partition  sum.  Equation 
(21)  can  be  re-expressed  as  a  trace  according  to 

N  .  °° 

$(<u)  =  -  /  dE  p(E) 

.00 

•  Tr  (6 (H-E)y  <5 (H-E-hw)u } ,  (22) 

where  p(E)  He  /Z.  Note  that  p  is  a  number  (not  an 
operator ) . 

Our  object  is  now  to  manipulate  the  trace  expression 
such  that  when  the  trace  is  evaluated  in  the  representation 
of  uncoupled  (non-interacting)  two-body  states,  the  integral 
over  dE  can  be  simply  evaluated.  To  accomplish  this,  we  begin 
by  invoking  the  standard  identity 

6 (H-L)  =  {H-E-io+)_1  -  (H-E+io+)-1}.  (23) 
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For  a  general  complex  energy  z  we  also  have  the  identity 


(H-z)  1  =  (H0-z)"1  -  (Hq-z ) -1  V(H-z)-1 ,  (24) 

where  V  is  the  two-body  potential,  and  where  Hg  denotes  the 
non-interacting  two  body  Hamiltonian,  i.e. 

H  =  H0  +  V. 

The  identity  (24)  can  also  be  written  in  terms  of  the  two- body 
T -matrix, according  to 

(H-z)-1  =  (R0-z)-1  -  Ui0-z)-1  T(z)  (H0-z)-1,  (25) 

where  T(z)  satisfies 

T(z)  =  V  -  V(H0-z)-1  T(z),  (26) 

and 

T ( z ) 1  =  T( z* ) .  (27) 

Now  from  Eqs.  (23),  (25)  we  obtain 
6 ( H-E)  =  6(H0-E) 

-  JL  t  (11  -E-io+  )-1  T(E+io+ )  (Hn-E-io+)-1 

2  7T 1  0  0 

-  (H0-E+io+)-1  T(E-io+)  (H0-E+io+)-1},  (28) 

we  now  subtract  and  add  a  term  (Hn-E+io+)-1  T(E+io+) 

+  _1  u 

(Hg-E-io  )  ,  and  obtain 

6 ( H-E)  =  6 ( H  q - E ) 

-  6  ( II Q — E )  T(E+io  +  )  (H0-E-io+)-1 

-  (H0-E+io+)-1  {T(E+io+)  (H0-E-io+)-1 

-  T(E-io+)  (H0-E.+  io+)-1}.  (29) 


In  the  bracket  expression  we  subtract  and  add  a  term 
T(E-io+)  (Hg-E-io+  )-^ ,  and  obtain 

6  (H-E)  =  6  C  I!q — E ) 

-  6CHq-E)  T(E+io+)  (Hjj-E-io*)”1 

-  (H0-E+io+)_1  T(E-io+)  6(HQ-E) 

-  (K0-E+io+)-1  [T( E+io+ )-T(E-io+  )  ]  (HQ-E-io+ ) -1 

(30) 

17  18/ 

Finally,  in  the  last  term  we  invoke  the  operator  form — 1 of 

the  optical  theorem 

•yjL  [T(£-io+  )  -  T(  E+  io+ )  ] 

=  T(E+io+)  6 (Hq-E)  T(E-io+ ) .  (31) 

This  yields  the  decomposition 
6(K-E)  =  6(Hq-E) 

-  [6(H0-E)  T(E+io+)  (H0-E-io+)_1 
+  (H0-E+io+)_1  T(E-io+)  6(HQ-E)] 

+  ( Hq-E+  io+  )-1  T(E+io+)  6(H0-E)  T(E-io+)  (H0~E-.io+) 

(32) 

It  should  be  noted  that  the  right  hand  side  of  Eq.  (3?)  is  a 
sum  of  three  Hermitian  operators. 

The  above  decomposition  of  the  operator  6 (H-E)  is 
clearly  sufficient  to  enable  the  dE  integration  in  Eq.  (2?)  to 
be  performed  when  the  trace  is  evaluated  in  the  representation 
of  non-interacting  states.  In  particular,  every  term  in  Eq . 
(32)  contains  a  factor  6(Hq-E).  The  matrix  elements  of  this 
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operator  between  uncoupled  (non-interacting)  two- body  states  i, 
j  are  given  by 

<i | 6(Hn-E) | j>  =  6.  .  6(e.-E).  (33) 

Using  the  identity  (32)  we  can  now  decompose  Eq. 

(2?)  into  terms  involving  products  of: 

a)  Mo  T-operators 

b)  One  T-operator 

c)  Two  T-operators 

d)  Three  T-operators 

e)  Four  T-operators. 

Before  doing  this,  it  is  convenient  to  rewrite  p(E)  =  e  p  /Z,  as 
p(L)  =  Pq(E)  v  ,  (34) 

where 

P0(E)  =  e~eE/Z0  ,  (35) 

is  the  unperturbed  density  function,  with  ZQ  =  Tr  {e-^H0}, 
and  where  v  =  (ZQ/Z)  is  the  ratio  of  the  unperturbed  to  the 
exact  partition  sum.  Evaluation  of  the  constant  \>  is  clearly 
non-trivial.  However,  one  suspects  that  the  approximation 
v  -  1  should  be  adequate,  and  this  approximation  in  no  way 
compromises  the  validity  of  the  FDT. 

From  Eqs .  (  22  ),  (32  )  (f>(w)  decomposes  into  five  terms 

<i>(u))  =  <J>  q  ( to )  +  <J>^(w)  +  (^(w)  +  ^(w)  +  ^(to).  (36) 

The  terms  are  given  as  follows 
N  .  «° 

♦  0(w)  =  v  -^irS  /  dE  pq(E)  Tr  {6(HQ-E)£  6(H0-E-Ku)u } ,  (37) 


4>^(uj)  =  -  v 


1  «  p0<e) 

—  00 

•  Tr  {6(H0-E)p  [6 (H^-E-hw)  T(E+*fu>+io+ )  (Kg-E-lTu-i o+  )_1 
+  (H0-E-Kaj+io+)_1  T(E+tfuj-io+)  6(HQ-E-Ka))]y 

+  [6 (Hq-E)  T(E+io+)  (H0-E-io+)_1 

+  (H0-E+io+)_1  T(E-io+  )  6  (Kg-E)  ]y  6  (H0-E-*Tw)y  ]  }  ,  (38) 

4>2(oj)  =  v  /  dE  p  (E) 

—oo 

•  Tr  {6(Hg-E)y  ( Hg-E-Ka)+  io+  )-1  T(E+«w+io+) 

•  6OI0-E-*w)  TCE+tfa-io*)  (Hg-E-tfw-io4 )-1  y 
+  (K0-E+io+)_1  T(E+.io+)  6 (Hq-E)  T(F.-io  +  ) 

•  (K0-E-io+r1  y  6(H0-E-ttw)y},  (39) 

$3(<o)  =  +  v  /  dE  pq(E) 

«>oo 

•  Tr  { [6(Rg-E)  T(E+io+)  (HQ-E-io+ )~1 
+  (Hg-E+io*)"1  T(E-io+ )  6(H0-E)]y 

•  C6(H0-E-Ku)  T(E+'Kai+io+)  (HQ-E-«o-io+ )“1 

+  (Hg-E-Kto+io4)"1  T(E+-Kw- io+  )  6  (Hg-E-tfw)  ]y  }  .  (4P) 

The  additional  terms,  ^(w)  and  ^^(cj),  involving 
products  of  three  and  four  T-matrioos ,  will  not  be  considered 
in  any  detail.  Tor  completeness,  these  are  listed  ir.  Section 

2.5. 
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The  six  terms  <j>0<(d),  ....  individually 

satisfy  the  FDT.  The  proof  is  the  same  in  every  case,  and 
consists  of  the  following  steps: 

a)  Write  down  the  corresponding  expression  for  <f>n(-u). 

b)  Make  the  change  of  variables  E  -*•  E  +  in  integration. 

c)  Use  cyclic  invariance  of  the  trace. 

As  an  example  of  the  procedure,  we  consider 


.(-Id)  =  v 


nairs 

ft 


/  dE  pq(E) 


Tr  {<5(H0-E)p  6(H0-E+K(d)ti}. 


Now  let  E  -*■  E  +  -fhd,  and  use  the  fact  that 


p^CE+liw)  = 


e-fc(E+.tfa))  _  _  /t.n 

z  -  e  P0(F). 


Then 


(-0.)  =  e-W“  v  /  dE  P0CE> 

—oo 


•  Tr  {  6  ( Hp-E-ffw)  p  6(H0~E)y}. 

Using  cyclic  invariance  of  the  trace  we  then  obtain 

<j>0(-(d)  =  <J>0(uj).  (42) 

Mow  it  turns  out  that  the  terms,  <J>q(w)  and  <j»^(w), 
involving  zero  and  one  T-matrix  have  nothing  to  do  with  "far- 
wir.g"  absorption  and  must  be  discarded.  For  $^(td)  this  is 
almost  obvious  since  the  expression  does  not  involve  the  in¬ 
teraction.  We  want  to  state  somewhat  more  carefully  the  mean¬ 
ing  of  dropping  these  terms,  however. 

The  terms  ^(w)  and  <f>^(oj)  would  rigorously  vanish 
if,  in  the  "far-wir.g"  region,  no  local  lines  of  the  allowed 


1  2 


spectrum  were  present.  However,  in  a  realistic  spectrum  there 
will  always  be  some  weak  allowed  transitions  in  the  "far-wing" 
spectral  region.  In  this  case  to  obtain  the  true  "far-wing'' 
absorption  one  must  subtract  out  the  contribution  from  local 
lines,  both  experimentally  and  theoretically.  In  our  theo¬ 
retical  treatment  such  contributions  are  easily  identified, 
and  can  be  eliminated. 

Consider  a  product  of  the  form 
< i | y | f >  6 (e^-e^-Km)  ,  (43) 

where  |i>,  |f>  correspond  to  (uncoupled)  eigenstates  of  Hq. 

If  the  quantity  (43)  does  not  vanish  then  there  is  certainly 
a  local  ine  of  the  allowed  spectrum  present  in  the  "far-wing" 
region  of  interest.  This  contribution  must  be  dropped,  (a) 
because  it  doesn't  correspond  to  true  far-wing  absorption, 
and  (b)  because  the  local  line  contribution  is  incorrectly 
treated  by  our  formalism. 

As  an  example,  evaluation  of  $c(w)  in  the  represen¬ 
tation  of  uncoupled  states  gives 

V“>  =  v  L  W 

if 

•  |  <i | ^  |  f  > | 2  .  (44) 

In  this  equation  |i>,  | f >  are,  strictly  speaking,  two-bodv 
eigenstates,  including  the  wavefunction  for  relative  transla¬ 
tional  motion.  However,  because  p  does  not  operate  on  either 
the  translational  wavefunction  or  the  perturber  wavefunction, 
it  is  easily  seen  that  (44)  is  correct  with  | i>  and  |f>  taken 
simply  to  be  the  internal  states  of  the  radiating  molecule. 

According  to  our  previous  discussion,  (44)  must  be 
dropped  since  all  non-vanishing  contributions  correspond  to 
local  lines  which  are  incorrectly  treated.  We  might  also 
note  that  4»q(w)  does  not  have  a  sensible  dependence  on  volume. 
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Since  Npairs  =  Npgr> ,  we  see  that 


4>n(<u)  a  ,  n^ov,  fl , 
0  rad .  per .  ’ 


which  diverges  as  ft  -*■  «>.  The  term  4> ^ ( to )  can  also  be  elimin¬ 
ated  for  the  same  reasons,  i.e.  we  can  show  that  every  term 
in  $^(to)  contains  a  factor  corresponding  to  Eq.  (43). 

We  now  proceed  to  evaluate  the  expressions  for  4> ^ ^ 40 ^ 
and  <f>3(u))  in  the  representation  of  uncoupled  two-body  states. 
We  obtain  the  following  explicit  results. 


'2(“)  =  v  .1  P0(ei) 

1  M  i]k£ 


e.-e.-4iu)  e.-e.-hu 
j  l  Z  i 

•  <  j  |T( e^+io4  )  | k><k |  TCe^-io4  )  |  £>  6(e^.-e^-'Ka)) 


+  <*!£(:]>  .  <k|u  I  Jt> 

erek-Kw 

•  <  j  |  T(  e  ^  +  io+ )  |  i><i  [T(e^-io+ )  |  k>  6  (e  ^-e^-lfto) } , 


N  .  • 


♦  3(«*!)  =  -  v  l  P0<e.) 

d  1  ijkJL  u  1 


.  {liilJJsi  .  filllii. 

e, -e.-?ito  En-e.-m) 
k  3  Z  i 


<i|T(t;j  +  io+)  |j><k|T(e^  +  io+)  |  Z>  6  (e^-e^-Ka)) 


+  <  ^  I  P  I  jsji  .  <^lv‘li> 

c,  *■  c  •  c  0-e  • 

/Cl  K  ]j 

•  <  j  j  T(  e^-io+ )  |  i  ><k  | T( e ^-io+ )  |  £>  6  (e^-e^--haj) } . 


(45) 


(46) 
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Several  comments  on  these  results  are  in  order. 

First  we  observe  that  the  expressions  contain  line-ccupl ing 
contributions,  since  none  of  the  terms  involve  simple  matrix 
products  of  the  form  |<i|p|j>|2.  It  is  a  straightforward 
exercise  in  juggling  indices  to  prove  that  ^ C tu )  and  3 < to ) 
are  real  and  individually  satisfy  the  FDT.  In  obtaining  the 
expression  for  3  (to ) ,  two  terms  have  been  completely  elimin¬ 
ated  because  they  contained  factors  of  the  form  (43).  Finally 
we  note  that  every  p  matrix  element  is  multiplied  by  an  energy 
denominator  containing  the  same  indices,  e.g. 


If  the  energy  denominator  can  vanish  in  the  spectral  region 
of  interest,  and  if  <i|p|j>  i  0,  then  the  contribution  is  to 
be  dropped  because  it  corresponds  to  a  local  line  in  the  "far- 
wing"  region.  In  all  of  the  discussion  which  follows,  we 
shall  assume  that  all  allowed  transitions  are  far  removed  from 
the  "far-wing"  spectral  region  of  interest. 


To  complete  the  formal  discussion  we  note  from  Eq. 
(26)  that  the  matrix  elements  of  the  T  operator  satisfy  the 
"integral"  equation 


<j | T( z ) | i> 


<3  I v ! i> 


(47) 


From  Eq.  (27),  the  rule  for  taking  complex  conjugates  of 
matrix  elements  is 


(<j|T(z) |i>>*  =  <i|T(z)+|j>  =  <i|T(z*)|j>.  (48) 

The  matrix  elements  which  appear  in  Eqs.  (45)  and 
(46)  car.  also  be  expressed  in  terms  of  the  ingoing  |i>  and 
outgoing  |i>,  wave  solutions  of  the  two-bodv  Schroedinger 
equation.  Corsider,  e.g.,  the  matrix  element  <j|T(e^+io  )|i> 
which  occurs  in  Eq.  (45).  From  Eq.  (47)  we  have 
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(49) 


< 

1  / 

The  states  |i>4  are  Riven  from  scattering  theory — 
as  the  solutions  of 

| i> ±  =  | i>  -  (H0-ei  +  io+)"1  V | i>  +  .  (50) 

How  consider 

<j  |  V  |  )c><k  |  V  |  i>  . 

<  j  I  V  |  i>  +  =  <3  I  v  !  i>  -  l  - _!_!  .  (51) 

k  e.  -  e .  +  io 
k  i 

Comparing  Eqs .  (49),  (51)  we  see  that  the  "integral"  equations 
are  identical,  hence  that 

<j |T(ei+io+) |i>  =  < j | V | i>+ .  (52) 

In  this  case  the  problem  reduces  to  solving  Eq.  (50  for 
|i>+.  By  multiplying  Eq.  (50)  on  the  left  by  (llp-e^-io  ), 
and  noting  that  (HQ-e^)|i>  =  0,  we  obtain 

H|i>+  =  ei|i>+,  (53) 

which  is  just  the  Schroedinger  equation  for  the  unbound  states, 
with  the  boundary  condition  that  (i>+  corresponds  to  an  out¬ 
going  wave.  Similarly,  in  Eq.  (46),  the  matrix  element 
<j|T(e^-io  )|i>  can  be  replaced  by 

< j |T(e^-io+) | i>  -  <j|V|i>_.  (54) 

Finally,  the  uncoupled  two-body  states  which  we  have 
denoted  by  |i>  are  eigenstates  of  the  Hamiltonian 

=  •  <”> 

r 

where  the  first  two  terms  are  the  Hamiltonians  for  the  in¬ 
ternal  states  of  molecules  1,  2,  and  where  r  =  r^  -  r^  is  the 
relative  translational  coordinate,  with 


+  <j |V|k><k|T(e.+io+) |i> 

j I T(e.+io  ) | i>  =  < j | V | i>  -  £  -  1 

-*■  * 


e -e  .  -io 
k  l 
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n^+m^  * 

the  reduced  mass.  Equation  (55)  does  not  contain  the  transla¬ 
tional  motion  of  the  two-body  center  of  mass.  Since  neither 
y  or  V  involves  the  center  of  mass  coordinate,  its  contribu¬ 
tion  to  Eqs.  (45),  (46)  cancels  and  need  not  he  considered 
further. 

The  eigenstates  of  (55)  can  be  written 

|  i>  =  |*i(l)>|*i(2)>|ici>,  (57) 

where  the  translational  states  are  given  by 

(r)  =  <r  | &  . >  =  —  eiki*r  .  (58) 

Ki  1  /ft 

These  are  orthonormal  according  to 

<jt.  |ic.  >  =  6*  jj-  .  (59) 

J  1  Kj ,K^ 

In  the  limit  of  infinite  volume,  sums  over  £  are  converted  to 
integrals  using  the  standard  prescription 

i  l  +  — - —  /  d3lc.  (60) 

S*  i  ( 2m ) 3 


2.4  Simplified  Discussion  for  Comparison  with  Phenomenolopical 


Lineshape  Functions 

In  this  section,  for  simplicity,  we  shall  consider 
only  the  (^(w)  expression.  We  shall  further  make  the  un¬ 
coupled  line  approximation  and  we  treat  the  internal  states 
as  non-degenerate.  In  particular,  we  ignore  the  (2j  +  D- 
fold  degeneracy  of  the  rotational  states. 

We  begin  by  rewriting  Fq.  (45)  in  the  form 


■  w!l 


I  PoUj) 

“  ijk£ 


e .  -e  .  -hw  en-G.-fto) 
31  £  1 


<j  |T(ek+io+)  |k><k|T(ek-io+)  |  £>  6 ( e^-e^-^w) 


+  e“e(ek'ei> 

e.-E.-ttio  e  .  -  e  .  -lioj 

1  *  31 


•  <£|T(ek+io+)  |  k><k  |T(£k-io  )|i>  6  ( ek-e ^ +ftu))  }  .  (61) 

An  uncoupled  line  approximation  can  now  be  made  by  setting 
£  =  j  in  the  first  term,  and  £  =  i  in  the  second  term.  It 
should  be  noted  that  this  is  an  approximat ion  only  as  it  per¬ 
tains  to  the  internal  states  of  the  radiating  molecule.  If  we 
consider  <i  | y | 3 > • < £ | p  |  i>  and  remember  that  p  does  not  operate 
on  the  translational  states  or  the  perturber  states,  then  we 
must  have  £  =  3  for  the  translational  and  perturber  states. 

The  uncoupled  line  approximation  now  yields 


<J>2(oj)  =  v 


pairs 

MO 


I  P0(ei)|<i|p|j>|2  ♦.i(w-w.i),  (62) 


with 


T . . (w-w . - ) 

<j)  .  .  (u)-U)  •  •  )  =  —  — - 3 - 

31  *  (»-Uji)J 

=  ^7  I  (|<i|T(ek+io*)|k> 


ir  6(u-w .  .-a),  •  ) 
31  K3 


+  e  +  &tt(u-0J.  i)  |<ijT(£]<  +  io+)  jk>|2 

«  IT  6  (u>-<i)  .  .  +0).  •  )  }  , 

1 1  ki  ’ 


I 


with  u) j ^  =  (e^-e^l/hr. 

That  these  equations  explieity  satisfy  the  TDT  can 
be  seen  as  follows.  With  X  a  general  frequency,  one  deduces 
from  Eqs .  (63),  (64)  that 


♦  ij(-X)  =  e  6hX  <J.j:L(X). 


(66) 


In  particular,  with  X  =  w  -  we  have 

♦  ij  (Uji-w)  =  e_&W(li)“‘i,ji)  41  j ^  (io— w j ^ ) . 


(66) 


Now,  from  Eq.  (6?) 

N  . 


♦ 


2 (”<*>)  =  v  l.  po(ei)  l<il^li>l  2  <l>ji(-w-a)ji)  .  (67) 


By  letting  i  t  j  ,  using  P0<Gj)  =  Pp^)  e"^wji,  |<j|p|i>|2  = 
l<i|p|j>|2,  we  obtain 

♦  2(-«*»)  =  v  -P'^irS  I .  P0<e.)  |  <i  |  p  |  j>|2 


-Bhw .  .  ,  ,  . 

e  ]  i  j  (w^-w) . 


(68) 


Then  from  Eq.  (66)  for  <4 .  .  (w.  . -w)  ,  we  see 

1-3  3i 


(-w)  =  e  (^(w). 


The  above  proof  of  the  FDT  is  completely  analogous 
to  the  type  of  manipulations  which  are  used  in  phenomenological 
theories—^  constructed  from  the  Egelstaf f-Schof ield  complex¬ 
time  transformation  method.  In  the  present  theory  we  have  a 
well-defined  prescription  for  calculating  the  linesliape  func¬ 
tion  in  terms  of  the  two-body  T-matrix. 


We  might  also  mention  that,  although  our  present 
theory  does  not  claim  to  correctly  treat  the  near-wing  ab¬ 
sorption,  one  can  write  down  a  perfectly  reasonable  inter- 


polat ion  formula  which  should  be  completely  adequate  for  cal- 
culational  purposes. 

Let  us  rewrite  Eqs .  (62),  (63)  as 


v  n 


4>2(w)  =  - £  P0(ei)  !<:»  IpI  I  2 


(69) 


<J> .  .  (io-u) .  .  )  =  N  6  .  .  (■w-u).  .  ) 

31  31  per.  Y  +  i  31 


,  T  .  -  (  03 — co  .  .  ) 

i  3 1  3 1 

TT  ,  .  2  * 

(  01— 00  j  ^  ) 


(70) 


with  r  .  .  (CJ-U).  •  )  r  N  T  .  .  (o)-W  .  .  ) . 

31  31  per.  31  31 


(71) 


The  suggested  interpolation  formula  is  simply  to 
replace  Eq.  (70)  by  the  expression 


F  - •  (u>-0).  •  ) 

>...(u)-w..)  =  -  - li— - li— 

31  31  *  (w-i»..  .  )2  +  f.  .  (w- 
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31 


Wji): 


(72) 


Although  this  formula  does  not  rigorously  satisfy 
the  FDT ,  the  near-wing  violation  is  totally  negligible.  In 
the  far-wings  the  formula  reduces  to  our  previous  result, 
which  does  satisfy  the  FDT.  In  the  near-wing  region  formula 
(72)  reduces  to  the  impact  theory,  i.e. 


<J> .  .  (&-10  .  )  -  — 
11  +1  Tt 


i  (  0  ) 


( co — co  .  .  )2  +  r.  .  (0)2 

31  31 


(73) 


From  Eqs.  (63)  and  (73)  we  see 

iji<0!  '  "per.  ^  I  <l<j|T(Vio*)|k>|» 

•  U  6  (w,  -U)  .  ) 

k  ] 


+  | < i | T(ek+ io+ ) j k> | 2 6 (w^-w^ ) } . 


(74) 


2  0 


This  is  essentially  the  general  impact  result.  To  obtain  the 
completely  general  impact  result  in  an  uncoupled  line  theory, 
one  must  also  include  the  contribution  from  ^(w),  as  given 
by  Eq.  (46).  In  this  case  the  effective  T  j  ^  (oj-cj  ^  ^ )  is  simply 
the  sum  of  contributions  from  the  ^(w)  and  ^(w)  terms.  This 
effective  T  can  then  be  used  in  the  interpolation  formula 
(72). 

It  should  be  stressed  that  the  uncoupled  line  theory, 
discussed  in  this  section,  may  be  inadequate  for  describing 
the  extreme  far-wing  absorption.  Referring  back  to  Eqs .  (45) 
and  (46)  for  <j > 2 ( to )  and  ^(w),  one  can  see  that  the  full 
theory,  which  includes  line  coupling  contributions,  allows 
for  more  intermediate  states,  hence  more  possibilities  for 
energy  conserving  6-functions  at  large  -hu.  In  addition,  the 
more  complicated  terms,  4^  and  4>c,»  which  are  listed  in  Sec¬ 
tion  2.5  may  also  become  important  in  the  far-wings. 

Finally,  to  carry  out  detailed  calculations  within 
the  present  formalism,  one  must  ultimately  deal  with  the  prob¬ 
lem  of  solving  the  two-body  Schroedinger  equation  (53).  Al¬ 
though  this  is  an  extremely  complicated  problem,  we  believe 
that  progress  can  be  made  by  suitable  use  of  the  adiabatic 
approximation,  coupled  with  semi-classical  approximations, 
e.g.  WKB,  for  the  translational  motion  of  the  system. 


2.5  Higher  Order  Terms 

The  terms  <J>  ^  ( co )  and  <J>j.(u>)  which  appear  in  Eq .  (36) 
are  given  explicitly  by 
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$4(a)) 


4>  ^  (ui ) 


These 

using 


=  -  v  1  dF  p0(E) 

.00 

•  Tr  { [6 (Hq-E)  T(E+io+)  (H0-E-io+ )_1 
+  (H0-E+io+)_1  T(E-io+)  6(Hq-E)]u 

•  (H0-E-hw  +  io+)_1  T(E+-Ku)+io+ )  6(R0-E-h<d) 

•  T(E+-hu-io+)  (H0-E-hto-io+)_1  y 

•  (H  -E+io+)_1  T(E+io+)  6(HQ-E)  T(E-io+)  (HQ-E-io+ )_1 

•  [6(H0-E-hu>)  T(E+ftw+io+)  (H^E-hm-io4)-1 

+  O:0-E-hw+io+)-1  T(E+Huj-io+ )  6(H0-E-Jlu)]y},  (7  5) 

v  N  00 

dEp„(E> 

V-  OO 

•  Tr  { (Hq-E+ io+)_1  T(E+io+)  6(H0-E)  T(E-io+) 

•  (H0-E-io+)_1  y  (H0-E-hw+io+)_1 

•  T(E+hw+io+)  6  (Hg-E-hu))  T(F+hu)-io+) 

•  (HQ-E~hu>-io+ )  ^  y}.  (76) 

two  terms  may  be  shown  to  individually  satisfy  the  FDT, 
the  procedure  outlined  in  the  text. 


?? 


tc4- 


3.0  NEAR-WING  CALCULATIONS  OF  H,  0  PRESSURE  BROADENING 


3.1  Pressure  Broadening  of  H^O  Transitions  by  N^  and  Air 

We  have  carried  out  .impact  approximation  calcula¬ 
tions  of  Ho0  halfwidths  for  Nj  (air)  broadening.  The  main 
motivation  for  undertaking  this  work  was  to  reconcile  theo¬ 
retical  calculations  with  the  narrow  observed  widths  measured 
19-21/ 

by  Eng -  and  others  for  high  J  transitions.  In  addition, 

we  have  carried  out  the  first  calculations  of  H^O  pressure 
shifts,  and  these  have  been  compared  to  the  experimental 
shifts  measured  by  Eng. 

Our  calculations  have  been  described  in  detail  in  a 
.  22/ 

JQSRT  article —  which  is  included  in  the  present  report  as 
Appendix  A.  Here  we  give  a  very  brief  summary  of  the  results. 

The  original  calculations  of  N„  and  self-broadening 

.  1  2  3/ 

for  H^O  were  carried  out  by  Benedict  and  Kaplan —  using  the 

standard  Anderson-Tsao-Curnette  (ATC)  impact  approximation 
theory.  The  results  of  their  calculations  have  stood  up  re¬ 
markably  well,  considering  that  only  one  accurate  measurement 
was  available  at  the  time  the  work  was  carried  out.  However, 
the  Benedict  and  Kaplan  calculations,  with  the  Anderson  mini¬ 
mum  impact  parameter,  b^in,  fixed  at  the  kinetic  diameter 
value  of  3.4  A,  yield  halfwidths  which  are  too  large  by  a 
factor  4 . 4  compared  to  the  experimental  results  of  Eng  for  a 
number  of  high  J  transitions.  Although  better  agreement  can 
be  obtained  from  the  Anderson  theory  by  reducing  bgin ,  we 
have  shown  that  one  can  set  bglin  equal  to  zero  in  the  ATC 
formalism  and  the  calculated  halfwidth  for  the  transition 
(15,  0,  15)  -*■  (16,  1,  16)  is  still  too  high;  see  Figure  2 
of  Appendix  A. 

We  have  carried  out  ra ] culations  using  a  formalism 

24/ 

developed  by  one  of  the  present  authors. —  We  call  th] s 
formalism  the  Quantum  Fourier  Transform  (QFT)  method.  The 


method  differs  from  Anderson's  in  that  energy  and  momentum 
are  rigorously  conserved  in  the  theory,  and  a  Boltzmann  aver¬ 
age  over  translational  states  is  included.  These  combined 
conditions  lead  to  result  that  the  probability,  P(-Kq,  A E),  of 
encountering  a  collision  involving  momentum  transfer  -Kq ,  and 
with  inelasticity  (total  change  in  internal  energy)  A E,  is 
proportional  to 


P(ttq,  AE) 
with  B 


1/2  exp[-  -em 


/57  4t2q2 


2tt2q‘ 


(AE)2], 


(77) 


l/(k^T)  and  m  =  m-^m^/(m1+m^)  the  reduced  mass. 

From  l.q.  (77)  we  see  that  the  collision  probability 
is  a  Gaussian  in  the  inelasticity  parameter,  hence  the  proba¬ 
bility  decays  rapidly  for  large  inelasticities.  In  the 
Anderson  theory  the  corresponding  probability  decays  more  like 
a  simple  exponential .  This  means  that  collisions  involving 
large  inelasticities  are  given  much  less  weight  in  the  QFT 
treatment,  hence  are  less  efficient  in  producing  broadening. 
Since  the  high  J  transitions  typically  involve  large  AE's, 
the  QFT  theory  should  predict  narrower  halfwidths. 

This  is,  in  fact,  the  result  which  comes  out  of  our 
calculations.  Eetailed  comparisons  be tv con  theory  and  exper¬ 
iment  may  be  found  in  Appendix  A.  In  obtaining  reasonable 
agreement  with  experiment  (at  high  J)  it  is  still  necessary 


to  substantially  reduce  the  value  of  b 


nun 


0 


mi  n 
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The  narrowest  ob- 

o 

of  order  1.5  A. 


served  transitions  require  a  value  of  b 
This  value  seems  too  small  to  bo  physically  believable,  so 
that  the  resulting  explanation  is  still  not  completely'  satis¬ 
factory.  Fir.ce  the  narrowest  lints  are  only  of  order  three 
Doppler  widths,  and  because  these  lines  are  unresolved  doub¬ 
lets,  it  seems  possible  that  some  complicated  combination  of 
motional  narrowing  combined  with  line-coupling  might  contrib¬ 
ute  to  the  observed  narrow  widths.  We  have  not  investigated 
this  possibility  in  detail,  however. 


The  results  of  our  calculations  have  been  incorpor¬ 
ated  into  the  latest  edition  of  the  AI'GL  Line  Parameters 

Atlas.—  The  calculations  were  carried  out  with  b*?111  set  at 

°  ^ 

a  compromise  value  of  1.75  A.  A  comparison  between  the  re¬ 
sults  from  a  previous  AFGL  tape  and  our  most  recent  computa¬ 
tions  is  shown  in  Figures  1  through  4  for  the  R(l,  1),  Q(l,  -1 
F(-l,  3),  R(3,  -1)  series  transitions.  The  state  index  on 
these  graphs  is  the  integer  J(J+1)  +  Ka  -  Kc  +  1  for  the  lower 
state.  On  these  figures  we  have  plotted  the  ratio  of  half¬ 
width  P.  =  r  ,  ,/T  versus  the  J-value  of  the  lower  state. 
Cases  where  the  rario  is  greater  than  one  are  in  accord  with 
our  previous  discussion.  In  particular,  we  have  (a)  reduced 
the  value  of  hence  reducing  the  halfwidths,  and  (b)  we 

have  used  the  QF'f  theory  which  always  yields  smaller  half¬ 
widths.  In  Tigures  1  -  4  we  note,  however,  many  cases  where 
the  ratio  is  less  than  one.  This  is  due  to  an  extrapolat ion 
procedure  used  on  the  previous  AFGL  tape  for  high-J  transi¬ 
tions.  It  appears  the  extrapolation  method  underestimated 
halfwidths  for  many  transitions.  We  expect  the  halfwidths  on 
the  latest  AFGL  tape  to  certainly  be  more  self-consistent. 

On  the  average,  the  newer  widths  will  be  narrower,  and  it  is 
hoped  that  additional  tunable  laser  measurements  wi31  shed 
light  on  the  actual  degree  of  improvement. 

Our  calculations  of  I!?0  -  pressure  shifts  are 
also  presented  in  Appendix  A.  It  is  seen  from  these  results 
that  the  theoretical  calculations  for  low  J  transitions  are 
in  rather  good  agreement  with  the  experimental  measurements 
of  Eng. 

3.2  HpC’  Self-Broadening 

We  have  constructed  programs  to  calculate  Ho0  self- 
broadened  halfwidths.  Gome  of  this  work  has  been  reported  in 
detail  in  a  previous  Scientific  Report,  Ref.  ?f>.  The  main 
motivation  for  thin  research  was  the  observations  that  mea- 
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surements  of  H^O  self-broadened  halfwidths  frequently  yield 
values  substantially  higher  than  those  calculated  theoreti¬ 
cally  (see  Table  I,  Ref.  26).  We  have  found  this  to  be  the 
case  using  either  the  QFT  or  ATC  theoretical  methods. 

The  observations  suggest  that  some  scattering  mech¬ 
anism,  other  than  the  usual  dipole-dipole  interaction,  may  be 
important.  The  first  such  mechanisms  which  one  might  worry 
about  are  the  dipole-quadrupole  and  quadrupole-quadrupole  in¬ 
teractions  between  molecules. 

As  discussed  in  Ref.  26,  we  have  written  computer 
codes  to  calculate  quadrupole  moment  matrix  elements  for  HjO 
and  other  asymmetric  top  molecules.  This  calculation  is  far 
from  trivial  since  the  quadrupole  moment  matrix  elements  of 
an  asymmetric  top  depend  on  two  independent  scalar  parameters. 
Our  programs  operate  as  subroutines  which  are  attached  to  ex¬ 
isting  AFCL  asymmetric  rotor  programs.  The  programs  are 
highly  efficient,  requiring  approximately  60  sec  of  CPU  time 
to  compute  the  strongest  (AK  =  0,  ±2)  quadrupole  transitions 

a 

for  J  ^  22.  These  programs  have  been  made  available  to  users 
at  AFG  I. . 

We  have  utilized  the  calculated  quadrupole  moment 
matrix  elements  in  a  pressure  broadening  program  which  in¬ 
cludes  dipole-dipole,  dipole-quadrupole,  and  quadrupole- 
quadrupole  transitions.  Unfortunately ,  the  results  of  these 
calculations  indicate  that  the  quadrupole  mechanism  does  not 
substantially  alter  the  theoretical  results.  Typically  we 
find  a  negligible  correction  for  low  J  transitions,  and  at 
most  a  10  to  15%  correction  for  high  J  transitions.  It  there¬ 
fore  seems  that  either  some  new  scattering  mechanism  is  in¬ 
volved,  or  that  the  usual  impact  theory  (with  the  collision 
cross-section  calculated  in  the  Born  approximation)  is  inade¬ 
quate  for  describing  strong  H^O  -  0  collisions. 
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APPENDIX  A 

THEORETICAL  CALCULATIONS  OF  H20  LINEWIDTHS 
AND  PRESSURE  SHIFTS:  COMPARISON  OF  THE 
ANDERSON  THEORY  WITH  QUANTUM  MANY-BODY 
THEORY  FOR  Nj  AND  AIR-BROADENED  LINES 
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THEORETICAL.  CALCULATIONS  OE  H.O  UNHW1DTHS 
AND  PRESSURE  SHIFTS:  COMPARISON  OF  THE 
ANDERSON  THEORY  WITH  QUANTUM  MANY-BODY 
THEORY  EOR  N,  AND  AIR  BROADENED  LINES! 

R.  W.  Davies  and  It.  A  (>i  l 

University  of  Lowell,  (‘enter  for  Atmospheric  Research.  4Sll  Aiken  Street .  I  uwcll.  MA  HINT.  U  S  A 
(/taVJiri/  IV  Ihrnnlnr  |977| 

Abstract — Comparisons  of  theoretical  predictions  fin  nitc-widihs  and  picssiue  shifts  ol  vs. iter  \.ij  »r  tr.in 
sitions  broadened  by  N_.  or  air  arc  presented  usni(*  the  Anderson-Ts.io-Ctirnuitc  t  A I  ( * >  theory  ol  pressure 
broadening  and  a  more  recent  formalism  derived  by  using  quantum  many  body  lechniquis  It.e  theoretical 
predictions  are  also  compared  to  available  experimental  results,  iik lulling  1 10  measuteiueuis  »u  half  uidibs 
and  eight  measured  vi-hand  line  shifts.  The  standard  ATC  ihcory  for  multipole  mleraiiioiK  o  generalized  to 
yield  second-order  pressure  shifts  It  is  also  shown  that  a  scaling  transformation  from  the  momentum 
transfer  variable  to  the  impact  parameter  variable  converts  the  quantum  theory  to  a  form  ver>  similar  to  the 
ATC  equations  The  essential  modification  is  to  replace  the  ATC'  icsonauce  functions  /( k )  /  (A)  nv  new 
functions  g(k),  (i(k),  which,  however,  have  a  very  different  shape  In  particular.  g[k)  is  .1  (i.uissiaii.  which 
results  from  the  simultaneous  constraints  of  a  Boltzmann  distribution  ot  velocities,  toupled  with  sinct 
momentum  and  energy  conservation  in  the  collision  pioccsses  The  implication  is  that  highly  non  icsonaiit 
collisions,  i.e.  collisions  involving  large  inelasticities,  are  given  much  less  weight  in  the  quantum-derived 
formalism.  The  results  are  analyzed  lor  both  high  and  low  J  tr.uisitioiis.  including  the  kh.iuor  of  the 
anomalously  narrow  tines  measured  by  Fug  and  others  at  high  J.  .uni  the  theoretical  dependence  of  such 
transitions  on  the  parameter  used  in  the  earlier  calculations  of  llcncdut  ami  Kaplan  limited 
comparisons  are  made  for  individual  level  shifts.  ami  foi  the  teinpeialiuc  depended. e  «>i  the  half  width 
Some  specific  suggestions  for  additional  experimental  studies  *ie  ..Iso  offered 


I  INTRODUCTION 

The  absorption  of  infrared  radiation  by  water  vapor  in  the  atmosphere  is  of  ere.it  interest  since 
it  plays  a  prominent  role  in  determining  atmospheric  transmission  to  solar  or  laser  radiation, 
and  the  heat  balance  of  the  lower  atmosphere.'" 

The  ahsorption  of  radiation  near  a  line  center  requires  knowledge  of  the  line  strength  .S’,  and 
the  collision-broadened  half  width  y.  In  the  case  of  water  vapor,  very  few  accurate  measure¬ 
ments  of  half  widths  were  available  for  comparison  with  theoretical  calculations  until  the  early 
1960s.  With  the  improvement  in  grating  spectrometers,  and  the  advent  of  tunable  lasers  for  i  r. 
spectroscopy,  a  larger  data  base"  is  now  available  lot  study.  One  of  the  more  interesting 
recent  advances  has  been  the  application  of  tunable  lasers  for  accurate  determinations  of 
collision-induced  pressure  shifts."2  Although  shift  measurements  for  water  vapor  arc  still 
sparse,  it  may  be  anticipated  that  this  will  be  an  area  of  some  continuing  interest,  particularly 
because  it  furnishes  a  diagnostic  tool  for  analyzing  theoretical  calculations. 

The  purpose  of  th.  paper  is  to  make  specific  comparisons  of  two  theoretical  methods  with 
available  experimental  measurements  of  H.O  widths  and  shifts  for  the  case  of  N;  (or  airt 
broadening.  The  earliest  calculations"7'  of  H-O-fJ..  half  widths  were  carried  out  by  Benedict 
and  Kaplan  (BK)  using  the  Anderson-Tsao-Cmnutto  (ATC)  theory  of  piessiire  bioadening.""' 
201  Considering  that  only  one  accurate  measurement'’1  was  available  at  the  time  their  work  was 
carried  out,  the  theoretical  results,  with  one  notable  exception,  have  stood  up  remarkably  well. 

In  a  comprehensive  review  article  on  microwave  pressure  broadening,  Birsiialm'2"  has 
made  detailed  comparisons  of  predictions  from  the  Anderson  thcoiy  with  experimental  results. 
In  the  case  of  water  vapor  he  finds  the  agreement  less  than  satisfactory  However,  his 
indictment  of  the  theory  appears  to  rest  primarily  on  the  following:  (a)  if.c  theoretical  half 
widths  are  substantially  smaller  than  those  observed  by  Sammkson  and  (osmium. and  (b)  the 
value  of  the  N.  quadrupole  moment.  Q:  -  2.46  x  10  •,,csii  vin\  winch  was  used  In  BK  to  tit  the 
microwave  measurement  of  Hhki.k  and  Aiiiur.'2'  is  much  smaller  than  Hut  obtained  from 
other  experimental  determinations. 
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FI%2S-77  C  OO.S)  wilh  th*  University  of  Lowell 


35 


Concerning  both  of  thew  points  p.nl  ol  tlie  discrepancy  is  due  to  .in  eifor  winch  BK  it.  ulc 
in  correcting  the  Becker  and  Autler  ineasiiiement  from  air  to  N.  broadening  1  h.s  error  has 
been  discussed  in  later  publication1"  In  the  authors,  in  which  they  suggest  that  the  results  ,r 
Kef.  (17)  be  taken  as  valid  foi  dry  a...  while  icsulls  lor  N  .-broadening  should  be  obtained  !■ . 
increasing  the  air  widths  by  approv  I2'<  present  Andcison  theory  caU uiat'ons  indicate 
that  one  needs  y_,  1  00  s  It)  •''“esu  c  in’ (foi  pi  ie  N  )  to  fit  the  Becker  and  Antler  line  This  is 

in  excellent  agreement  with  ihe  best  available"  value.  ().  I  04  -•  lb  as  recommended  bv 
SlucRVN  and  Siociryn  ,:i'  Secondly  the  icsulls  of  Sanderson  and  (nils  irgh.  for  l  oth  N.>  and 
self-broadening,  appear  to  be  anomalously  high  coinpaied  to  all  other  r.ie.-suieriierds.  although 
no  new  results  appear  to  have  been  lepoited  for  precisely  the  transitions  which  liter  studied 
Comparison  of  the  {corrected!  Benedict  and  Kaplan  calculations  with  subsequent 
measurements  seems  to  indicate,  foi  l«o  J  tr.ni  .moils,  that  the  predic  tions  (or  half  a.dlb  (on 
the  average)  tend  to  be  smaller  than  the  obseived  values  hv  a  few  per  cent  Sonic  of  this 
discrepancy  could  undoubtedly  be  removed  by  placing  Ices  weight  on  the  microwave  line  used 
to  calibrate  the  theory,  l-urtheimorc.  the  more  recent  high  resolution  tunable  lave'  measure- 
ments"ft''’  genetally  appear  to  lead  to  narmvvcr  line  widths  than  those  obtained  using  gr.ilmg 
spectrometers,  for  which  somewhat  uneeilaiu  -  lit  width  corrections  arc  frequently  required 
The  “notable  exception"  referr<*  •  to  previously  concerns  the  discrepancy  between  the  BK 
half  widths  for  high  J  transitions  (7  'Hi  and  subsequent  tunable  laser  measurements  for  such 
lines.  As  an  example,  the  r.  band  transition  I  A.  (>.  1 A  — .  |6.  |.  16,  which  has  been  extonsivclv 
studied  experimentally,1"  ,4>  exhthits  a  measured  (Ny broadened)  half  width  of  O.OU72 cm  '.'atm 
at  T  —  300°  K.  Ihe  B K  calculated  value  is  0  t)J2 cm  '/atm.  too  large  a  factor  of  4.4. 

The  origin  of  the  BK  result  is  easy  to  elucidate  The  ha'f  width  is  given  by  y  -  («i72rr<  ur. 
w'here  f  is  the  velocity  of  light,  v  mean  rcl  ilive  thcim.il  velocity,  n  pertuiber  density  at  .me 
atmosphere  pressure  and  temperature  7.  and  o  is  ihe  solli  ion  cross  section.  Bor  the  high  J 
transitions,  where  the  long-range  dipole -quadrupole  interaction  becomes  weak  (Ihe  collisions 
are  very  non-resonanl),  Ihe  cross  section  is  dominated  by  short-range  repulsive  interactions 
which  are  approximated  by  classical  hard  sphere  sca.icring  according  to  <r„.,  -  ?r/>^,n.  Here  HK 
take  bmm  to  represent  essentially  the  minimum  “physically  believable"  value  of  the  cut-off  for 
the  long-range  dipolc-quadrupolc  interaction,  l  or  II >< )- N ? .  BK  choose  -  3.2  A.  which  is 
close  to  the  kinetic-theory  collision  diameter,  3.14  A.  as  determined'24'  from  P-V-T  measure¬ 
ments  on  H20-Nj  mixtures.  This  immediately  yields  y  -  0.032  cm  '/aim  for  7  3(I0CK 

Ihe  experimental  results  seem  to  indicate  that  the  effective  value  of  />.,„,  for  high  J 
transitions  must  be  substantially  smaller  than  the  BK  value,  i.c.  they  suggest  1.5  A  The 

alternative  lor  perhaps  equivalent)  explanation  would  appear  to  be  that  the  true  "potential"  at 
short  separations  is  rather  mushy.  We  use  the  word  “potential"  here  guardedly  since  it’s  clear 
that  the  interaction  at  '  cry  close  distances  cannot  be  rigorously  formulated  it.  .arms  of  an 
interaction  between  "molecules". 

That  the  effective  value  of  />„„„  for  high  J  transitions  might  be  substantially  less  lhan  the 
kinetic  collision  diameter  is  not  totally  in. reasonable  because  the  determination  of  the  kir.eoc 
diameter  is  ►■c.ivilv  weighted  by  contributions  from  low  J  (highly  occupied)  states  and  it 
therefore  contains  little  information  concerning  high  J  collisions  for  which  a  geometric 
hard  sphere  diairi  ’  is  more  appropriate. 

In  lew  of  these  considerations,  one  might  attempt  to  improve  agreement  with  experimet’.. 
by  taking  *  I  5  A  as  an  empirical  parameter  and  (lien  using  it  ill  subsequent  calculations.  If 
one  docs  this  hi  Ihe  context  of  standard  A  1C  thcoiy.  one  finds  that  (he  calculated  width  at  high 
J  is  still  loo  large  by  a  factor  of  about  1.4.  due  to  the  contribution  of  the  dipolc-quadrupolc 
interaction  n>  the  collision  cross  section  In  fact,  letting  — * 0  and  determining,  the  Alt' 

cut-off  parameter,  b„.  by  the  self-contained  Andcison  prescription  ,V.-( l»„)  -  I.  one  amis'"''  that 
the  half  width  saturates  (becomes  independent  of  />„„„)  at  a  value  of  (MHOcni  '/aim  Since  the 
high  J  transitions  arc  associated  with  very  eon-resonant  dipolc-quadrupolc  collisions,  the  above 
difficulty  suggests  that  the  ATC  resonance  functions  /(ft).  I\k).  where  7  2rr<7>A/7«\  decay 

too  slowly  (or  large  values  of  the  inelasticity  A): 

In  this  paper,  we  shall  compare  the  Alt'  theory  for  widths  and  shifts  with  a  theory'"''1 
‘developed  by  one  of  the  present  aiilluus  lit  IV  I)  )  based  on  quantum  many-hody  theoiy 
Henceforth  we  shall  icfer  to  Kef  (26)  ..ml  I 
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Although  the  theory  developed  in  I  was  deiived  using  graphical  main  body  techniques.  ilu- 
differences  with  the  Anderson  theory  are  of  a  mote  mundane  naiuic  In  paiticulai.  to  the  level 
of  analysis  carried  out  in  1  both  theories  correspond  to  peiturhalion  development,  to  second 
order  in  the  intermolecular  interaction.  Furthermore,  although  the  theory  m  I  .one. ponds  to  a 
complete  quantum-mechanical  treatment,  noting  the  fact  dial  molecules  are  Fean,  act’i.d 
quantum  corrections  can  be  expected  to  be  small.  Also,  for  cases  where  the  lowest  older  series 
corrections  can  be  ignored  in  (he  many- body  treatment  (corresponding  <o  S’ 0  m  the 
ATC  formalism),  that  the  basic  results  derived  in  I  can  be  obtained  much  moic  simply  using 
Fermi’s  '  Golden  Rule"  for  second-order  transition  probabilities. 

For  practical  purposes,  the  main  differences  between  the  theory  of  I  and  the  Alt'  approach 
are  as  follows:  (a)  the  treatment  in  I  rigorously  conserves  iiio.iiendini  and  ciicigy  in  the  collision 
proves:  .*■.  (in  the  ATC  approach  both  the  angular  lellectiou  and  change  in  kineti.  cueigy  of  the 
colliding  molecules  arc  ignored),  and  (b)  the  treatment  in  I  includes  a  lioll/mann  a.cragc  over 
the  initial  translational  stales  (ATC  simply  use  the  mean  relative  thermal  velocity ).  Although  the 
trea.ment  of  points  (a),  (b)  in  the  ATC  formalism  is  usually  considered  to  be  adequate,  the 
justice ion  is  far  from  clear  for  collisions  close  to  the  hard  sphere  limit  ( where  relatively  large 
angular  deflections  may  occur),  and/or  for  collisions  involving  large  changes  in  inlet  nal  energy 
(large  inelasticities),  where  the  concomitant  change  in  kinetic  energies  may  also  be  appreciable. 
As  will  be  outlined  briefly  below,  one  immediate  consequence  of  the  simultaneous  constraints 
of  energy  and  momentum  conservation,  coupled  with  a  Itoli/mann  distribution  of  velocities,  is 
that  off -resonance  collisions  decay  as  a  Gaussian.  I  his  is  a  much  more  rapid  decay  than  obtains 
from  the  ATC  formalism,  and  in  general,  the  shapes  of  the  resonance  functions  in  the  two 
approaches  are  quite  different 

The  quantum  theory  developed  in  I  is  made  tractable  through  the  use  of  the  spatial  Fourier 
transform  of  the  multipole  interactions.  Henceforth,  we  shall  refer  to  the  thcoiy  in  I  as  the 
Quantum  Fourier  Transform  (QFT)  treatment.  In  this  method,  one  writes  the  various  mulli|vlc 
interactions  as 

V(fv,)  =  (-T),|d'qV«|)c'“  ",  tl) 

where  R  =  Rt-  R2  is  the  molecular  separation,  with  R,.  Ii2  the  centcr-of-mass  couidinatcs.  The 
advantage  of  eqn  (I)  for  a  quantum  treatment  is  that  the  unperturbed  wave  functions  governing 
translational  motion  are  plane  waves  having  the  form  'IG,(  I'J  c'*1  R:)  e‘l;  A-\  Matrix 

elements  of  the  operator  e“i  *  are  then  trivial  to  calculate. 

Subsequent  reduction,  using  second-order  pcrtuihaiion  theory,  leads  to  the  result  that  the 
probability  per  unit  time  of  encountering  a  collision  involving  a  total  change  in  internal  energy 
AE,  and  with  momentum  transfer  litj,  is  proportional  to 

P(hq,  AE)  =  j  d'k,Jd'ktf(e  t,)p(t  i.)  -  />|et|  „  ,t|  I  f;,.,,  -  t  A/:|.  (2j 

Here  #>(«.,),  are  the  Boltzmann  translaiion.il  functions  for  molecules  I.  2.  wilh  f y  ■= 

liJki2/2mi  =  P^llm,  and  similarly  for  ty.  It  should  be  noted  that  the  quantity  hq.  where  <;  is  the 
Fourier  transform  variable  introduced  in  eqn  (I),  is  picci.elv  the  classical  momentum  transfer 
in  the  collision  process.  The  double  integration  in  eqn  (2)  may  he  carried  out  directly  using  the 
method  outlined  in  Appendix  B  of  Ref.  (I):  however,  it  is  much  simple)  to  introduce  the 
transformation  to  centcr-of-mass  and  relative  coordinates  via 

k,  -  k  4  Hi|/(in,  i  hi.-) A. 
k:  -(  i  ;iij/(ni|  i  in-) hi. 

The  Jacobian  of  the  above  Iransformalion  is  unity,  and  the  liaiisfoi  illation  fatlori/cs  the  double 
integral  to  give 


PtAy/.AE)  ^Jd’K'c  d'Ac 


h'k  <i  ft',,’ 

in  <  2. 
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where  /  I2ir\/(m,m1)/(ftfi')l\  ft  1  /»„/',  M  (/»,  »  m?),  ami  m  - /h,/»i:/A/  is  ihc  reduced 

mass.  Evaluation  is  straightforward  and  gives 


F(/iq,  AF) 


i  ,  fin.  \w- 

V(2ir)  \h',i  )  lXP 


ft"'  I 

2/1  y  v 


A  F-t 


(3b) 


As  will  be  discussed  further  in  Section  3,  the  term  /Cq?/2m  is  generally  negligible  compared  to 
the  (quantum  allowed)  inelasticity  A ti.  Then  one  obtains 


P(hq,  A/:) 


ftm  .  r.  , 
r,.  5  '!  (A/: )'  . 

2/f  q  J 


(4) 


i.e.  the  probability  of  a  collision  with  inelasticity  -  A/-.'  is  Gaussian.  I  he  immediate  consequence 
of  the  above  result  is  that  highly  non-resonant  collisions,  c.g.  H.O-N;  collisions  for  high  J 
levels  of  water  vapor,  arc  given  much  less  weight  in  the  OPT  theory.  In  particular,  we  shall 
show,  down  to  --  1.5  A,  that  the  QIT  theory  for  the  transition  15.  0,  15 -» 16.  I,  16  is  very 
nearly  equivalent  to  <rdl(1,,|C.,1„.,a  -  0.  For  low  J  transitions,  our  results  lead  to  essential  agreement 
with  the  Anderson  theory,  and  this  corroboration  is  not  completely  trivial  in  view  of  the  very 
different  resonance  functions  in  the  two  theories. 

The  outline  of  the  remainder  of  the  paper  is  as  follows.  In  Section  2,  we  review  the  ATC 
theory  of  pressure  broadening  arising  from  multipole  interactions.  This  is  done  to  establish 
notation  and  also  to  present  the  generalization  of  the  theory  to  include  second-order  pressure 
shifts.  The  above  generalization  of  the  A  l  t'  theory  does  not  appear  to  be  well-known,  and  in 
Section  2  and  Appendix  A  we  show  that  it  essentially  amounts  to  replacing  the  ATC  resonance 
functions  f(k),  l-'(k)  by  their  Hilbert  transforms.  Then,  in  contrast  to  the  wadth  calculation,  the 
line  shift  is  given  by  the  difference  of  lire  contributions  in  the  initial  and  final  radiative  states. 

In  Section  3,  we  show  that  a  scaling  transformation,  from  the  momentum  transfer  variable 
hq  to  the  impact  parameter  variable  l>.  convents  the  QPT  theory  to  a  form  very  similar  in 
structure  to  the  A  TC  equations.  In  particular,  the  essential  moditic  uior.  is  to  replace  the  ATC 
resonance  functions  /(£),  F(k),  and  associated  Hilbert  transforms  fik ),  Ft k),  by  a  modified  set 
of  resonance  functions  g(k),  (7(H),  fftk),  (i(k). 

In  section  4,  we  discuss  the  application  of  the  two  theories  to  the  specific  problem  of  N’;  (or 
air)  broadening  of  H20  transitions.  Details  «.f  the  calculations  are  described  and  the  actual 
numerical  results  are  presented  in  Appendix  II  (widths  for  110  measured  transitions)  and 
Appendix  C  (shifts  for  eight  meastireu  transitions)  l  he  results  are  analyzed  and  some  specific 
recommendations  for  further  experimental  studies  are  also  suggested 
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The  half  width  for  a  radiative  transition  i  *  /.is  given  by  tear  Tatm) 

(Zc)  ?  l5' 

where  n  pcrturbcr  density  at  one  atmosphere  pressure  and  tempci  atitrc  T  («  =  n,i2,3/ /'!. 
<  -•  velocity  of  light,  and  r  is  the  mean  telative  thermal  velocity  given  by  i  =  |Xfc(l77(5Tin',)'"'. 
where  m  is  the  reduced  mass.  Also,  in  eqn  C),  /itdd  is  the  Itolt/mann  f.ictoi  for  perturber  sta:c 

Ji- 

For  simplicity  in  the  treatment  which  follows,  we  shall  consider  the  case  where  the  ATC 
term  5:(/>),n„ld|r  0.  For  the  case  of  particular  interest  in  this  paper,  i  e.  H;0-N;.  this  results 

because  the  diagonal  matrix  elements  of  the  (permanenti  dipole  moment  operator  of  H;0 
vanish.  Also,  independently  of  the  particular  case,  it  may  he  rtgoiously  shown  that  the 

second-order  treatment  of  ,S7(/>)„ . .  contributes  nothing  to  ihc  pressure  shift.  This  is  in 

agreement  with  the  conclusion  reached  in  Kef  (I).  ie.  that  the  lowcst-order  vertex  corrections 
in  the  QFT  theory  make  no  contribution  to  the  shift 
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For  oK*jv  the  ATC  theory  yields 


r*tJ>  ~ 


2b  M>sT,Ab) 


<(>a‘ 


or 


«'*j,  ni>,;\ I  <  S\?;xh„> i. 


toll) 


with 


s'fobo  =  (fty‘4»){g  K«||ol||-')r|y..|!o.,|u:i7(iU 

^l</ll<>,||/')!?lu.|o,||./:.!i7a,)!.  (Tat 

Jjt  » 

sfjiho)  =  (^)  (g  l<'ll(>,ll-'>il(T,!|o,iiy:.>l7u,.,) 

^.l(/l|f>,||/’)i'l(/-IKMI'7l'/-(A(„ij.  (7bt 

In  the  above  equations,  we  have  denoted  various  reduced  matrix  elements  of  the  dipole  or 
quadrupole  moment  operators,  and  the  indices  n  d.  h.  H  lepreseitl  the  dipole- dipole,  dipole- 
quadrupole.  and  quadrupole -quadrupole  cases,  respectively.  The  functions  /i  A),  /-'( A  >  arc- 
well-known  resonance  functions  discussed  and  tabulated  by  I'sao  and  ( YkNui  n ■  .* anJ 

.  2mb  ,,  , . 

A,  -  i  (K») 


A.„  -  -  (ft,  li  t  /v 

e  • 


|!''b) 


where  the  energies  are  in  units  cm  and  similar  formulas  apply  to  A,.  A,„.  I.  we  use  the 
Tsao-C'urnutte  definition  of  the  quadrupole  moment  minted  m.ibix  cleimul.  the  numerical 
coefficients  c”  are  given  by 

cli  =  (4/9)  (d-d  case),  i  £  •  (4/45)  (J  </  case).  <  ii  c  isc)  t‘» 

It  should  be  noted  that  the  definition  of  Benedict  and  Kaplan  foi  the  quadrupi  .c  moment  ae.ice-- 
with  the  Tsao  and  Curnulte  definition,  but  tins  definition  is  twice-  the  value  used  by-  IIiksii com.1'" 
Buckingham,'*71  Stogkvn  and  Siiv.hvn,'7”  and  the  definition  employed*  m  Kcl.  (I)  f  inally,  the 
above  equations  assume  use  of  Anderson’s  ‘'approximation  number  two"  lot  dctciminatior.  of 
the  minimum  impact  parameter  />„,  i  e.  h»  is  to  he  determined  as  the  solution  of  the  implicit 
equation 


s ',";,( hid  I.  (lot 

We  turn  next  to  pressure  shifts  in  the  Anderson  tlicoiy  In  the  unpn.il  Ail  formulation,  a 
first-order  shift  contribution  is  calculated,  but  the  second  >.rdci  -  Inf  t  is  climmatc-d  through  an 


tThe  statement  following  cqn  (VI7)  in  Kef  tom, mis  .1  ispup. iphix.il  nrm  .md  should  u-  id 

idi  Xr'«i a-ko  /,.<»•»: .  1 

n 

For  a  ch.irge  distribution  possessing  an  axis  (;')  of  sulla  mm  symmctiv.  this  ..>  i  ts  with  ihc  Jtl.miu  .1  used  !.\ 
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approximation  which  neglects  non  oou,,i:uiiviiy  of  certain  quantum  mechanical  operators.  As 
pointed  out  in  I.  the  first-order  shill  due  to  multipole  interactions  riporouslv  vanishes.  Allhnu;:h 
“effective"  interactions  such  as  the  induction  and  dispersion  forces  can  contribute  in  first  order, 
it  is  well-known"*'  (hat  these  forces  are  actually  approximations  to  second-order  (or  highet- 
ordcr)  interactions. 

A  generalization  of  Ihe  ATC  theoiy  to  include  second-order  pressure  shifts  has  been  derived 
by  Hkrman""'  for  Ihe  special  case  of  induction -dispersion  forces  (for  Ihe  interaction  of  HA’I 
with  inert  gas  molecules).  In  Appendix  A,  we  derive  ihe  general  formulas  for  second-order 
shifts  using  Anderson’s  original  formalism  Rather  similar  formal  expressions  can  also  be 
obtained  as  limiting  cases  from  the  theory  developed  by  Murphy  and  Bix;gs,';''  and  a  related 
theory  recently  given  by  Miiikoika  and  Hoca.s."111  We  should  also  mention,  in  this  connection, 
that  the  theory  of  Murphy  and  Boggs  is  similar  to  the  OKI’  theory  in  that  a  Boltzmann  average 
over  Ihe  initial  translational  states  is  included.  However,  computationally,  when  used  in 
conjunction  with  the  classical  path  method,  it  appears  to  be  more  cumbersome,  since  the  double 
integral  over  velocity  and  impact  parameter  must  be  performed  numerically  in  the  Murphy  and 
Boggs  formalism. 

The  results  for  second-oider  shifts  from  the  ATC  theory  can  be  expressed  in  a  form  very 
similar  to  the  width  formulas.  The  shift  (cm  ’/atm)  is  given  by 

Ay./  (i'^r)  2  Hit 

where 

a\)j.  -  n  j'  2 h  ilbs',' jAb) 

-  Trb»  S ./'(fic), 

with 

s'.ptb)  =  (j^)  {S  Motfnuoytfhk.i 

-  £  K/1K M/'>i2i<-/:llo?lU z>l 7i^r ) ] -  (Hat 

g.l(/IK>,r>n</>lio,i|7;>|;f'a»j.  H3b) 

and  Ac,,  A,. i,  k/,  k/u  have  the  same  definitions  as  given  previously. 

In  eqn  (13),  /(A)  and  F( k )  are  simply  the  Hilbert  transforms""  of  /(A )  anJ  F(A).  respec¬ 
tively,  i.e. 


(I2.it 
<  1 2hi 


/(A) 

■  /(A’)dA' 

.  A’  A' 

Ft  A) 

71 

’  FiA’ldA' 
.  A'  A  “ 

It  is  also  to  be  understood  in  eqn  (14)  that  /(A’),  F(A')  are  to  be  taken  as  even  functions  of  A’, 
i.c.  f(k')  =  /(|A'|).  and  similarly  for  F’(A'). 

Some  useful  formulas  connecting  the  various  functions  should  also  be  noted,  viz. 


Ft A )  2k" 


f  A’dA’/tA’i 

J,  F"  ' 


(I 
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An  =  2*-  (,5b) 

Equations  (15)  are  valid  for  the  case  k  >0.  f  or  t *  0.  Fik)  FiM)  while  Mi)-  -MM),  i.e. 
j(k),  F(k )  are  to  he  taken  as  even  functions  of  k.  while  f(k)  ami  l-\k)  are  to  he  taken  as  odd 
functions  of  k.  That  eqn  (15b)  is  consistent  with  cqr.s  (14a),  (I4h)  and  (Hal  can  he  seen  as 
follows.  We  lake  the  derivative  of  eqn  (15a)  and  obtain 


kP(k)-(n  -2 )F(k)  2/(0. 

Next,  we  take  the  Hilbert  transform  of  both  sides  of  this  equation,  which  (rives 


Pr  r  k’FUldk' 
7r  J k'  -  k 


~< «  2  )F(k)  2  hk). 


In  the  numerator  of  the  left-hand-side,  we  write  k'  -  ( k '  -  k)  +  k.  This  (rives 

i[F(»)-  F(-oc)l  ^  k  ,>r  f  --  (h  -  2)F(fc) - 2flk). 

TT  V  J  „  k  —  k 


\  Ih) 


(17) 


(18) 


The  first  term  on  the  left-hand-side  vanishes,  and,  by  a  well-known  theorem  for  Hilbert 
transforms,11"  the  second  term  equals  kF'(k),  where  F'lk)  -=-  (dldk)Flk),  which  (rives 

kF\k)  =  (n  -  2)1  Ik)-  2 /(ft).  (19) 

Then,  by  analogy  with  eqn  (16),  and  noting  that  Ft00)  t),  we  immediately  obtain  eqn  (Hbi. 

The  ATC  resonance  functions  f(k).  F{ k )  are  sufficiently  complicated  that  il  appears  to  be 
necessary  to  obtain  their  Hilbert  transforms  numerically.  Such  results  for  the  dipole-quadrupolo 
case  are  presented  in  Section  4.  Since  the  Hilbert  transforms  are  odd.  they  vanish  at  k  -  0.  For 
large  k.  one  can  easily  see  that  they  must  have  the  asymptotic  form 

flk)  =  -fijk  Ik -"*>).  (20a) 

Fit)  =  -f),lk  [k  -*<*>).  (20b) 


where  fi,  =  (I  In)  /r«,/(fc)dk,  /),  =  (I/tt)/^  F(k)dk.  From  eqn  (19)  one  then  obtains  the  result 


which  is  a  useful  relation  for  checking  the  numerical  calculations. 

One  final  point  to  note  is  that  we  have  not  included  the  shift  contribution  in  the  deter¬ 
mination  of  b0.  In  Herman's  paper,<a"  a  cut-off  prescription  is  recommended  which  appears  to 
be  essentially  equivalent  to 

sl/j.lbo)  +  I . 

We  will  not  use  this  prescription  for  the  following  reasons-  (a)  the  theoretical  justification  is  not 
completely  obvious,  (b)  we  want  to  keep  the  correspondence  with  the  earlier  c.  U  illations  of  UK 
as  straightforward  as  possible,  (c)  the  shift  contribution  is  genci.dlv  small  compared  to  the 
width  contribution,  so.  for  most  cases,  one  e.sptMs  rather  small  corrections  if  the  shift  were 
included  in  the  determination  of  b„ 

The  formulas  in  this  section  prosidc  a  complete  description  of  the  Alt'  theory  of  widths 

and  shifts,  except  for  the  introduction  of  the  pataim  in  h . employed  m  the  earlier  calcinations 

of  BK.  This  minimum  "physically  belies  able"*  d'leof  thcciit-olf  is  user)  as  follows  if 

[as  determined  by  eqn  (I0)|  use  h„  in  the  cab  illation,  otherwise  use  in  place  of  h„.  For  the 

H;t>-Nj  system,  the  dependence  of  the  results  no  the  (hone  of  /> . is  discussed  in  Section  4 
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In  Kef.  (I),  the  OKI'  iheuty  of  second  of  tic  i  pressure  shifts  was  analy/cd  m  detail  fur  the 

case  where  the  loweslorder  vertex  euiieeiunis  vanish  |coi  responding  to  \.( \> t . .  -  t)  in  the 

ATC  formalism |,  (he  lineshape  function  (/,'  -  »p)  can  he  written  as 


IvJItUll 


tl  k/»(<4"  )tl  (,i  *  I  r  1 1 
I'U  kiof  r  r  r„t)' 


|22> 


Here  wc  are  using  the  notation  of  Kef  (I)  We  will  indicate  the  correspondence  with  the  more 
familiar  Alt'  notation  presently.  In  older  to  make  such  a  correspondence,  il  is  necessary  (..ho 
convenient)  to  ignore  the  inhomogeneous  hmadening  implied  by  ecpi  (22),  and  to  replace  the 
lineshape  function  by  the  simple  l-orcnl/ian 


where 


/„„(/)<«) 

c 

1 

a  -  «<u)  t  r’’ 

Ch 

V 

-  (r,a  +  1 

(2d) 

A 

(fk,a  A 

„-i)ave. 

(25) 

implies  an 

average 

over  translational 

stales  of  the  absorbing 

molecule,  with  p(tk“)  the  Boltzmann  factor.  With  the  above  approximations,  I'  is  the  half  width 
of  the  l.orcntzian  and  -  A  is  the  shift.  The  object  A  is  precisely  the  ijuantity  calculated  for 
multipole  interactions  in  Kef.  (1).  Since  the  teal  and  imaginary  parts  of  the  self-energy  (A  ,4  and 
r„4  respectively)  are  connected  by  Kramers-  Kionig  relations,  it  is  easy  to  see  that  the  only 
essential  modification  necessary  to  obtain  I'  is  the  replacement  of  the  principal  value 
denominators  in  equations  such  as  (5.10),  (5.19),  (B.l)  of  Ref.  (1)  by  rb  (energy  denominator). 
Thus  for  example,  eqn  (5.19)  of  l  gets  replaced  in  the  width  calculation  by  the  resonance 
function 

•VAEj  =  (^)7>exp1--  (imli,'l2h>q!\  •  A -  *'£).  (2b, 

or 


The  above  result  is  essentially  identical  to  eqn  (5b)  of  (he  present  .  uper.  As  mentioned  in  the 
Introduction,  the  term  Irq:l2rn,  involving  (he  square  of  the  momentum  transfer,  is  usually 
negligible  compared  to  the  inelasticity  A (fkl  f„“l  +  (c’t,  -  f The  argument  fee  this  is 
the  following  In  the  ATC  theory  the  multipole  interactions  become  diveigent  as  b  —0  and  must 
be  cut  off  at  some  minimum  impact  parameter  Similarly,  in  (he  QIT  approach,  the 
multipole  interactions  become  divergent  at  large  q.  Since  q  ami  />  form  essentially  a  Fourier 
pair,  one  must  cut-off  the  multipole  interactions  roughly  according  to  1  Thus 

[fltq1l2m)m„  -=  (A:/2m/>L,)  Taking  1  A.  m  ■=  I  -S5  x  |o  grams  as  the  reduced  mass  of 
H20-N;,  and  converting  the  energy  to  cm  yields  (ft*q1/2m  lPU4  --  <1.2  cm  This  value  is  totally 
negligible  compared  to  typical  (quantum  allowed)  inelasticities,  A fc'„,  for  Il-O-M;  collisions  It 
might  he  noted,  if  the  term  (h}q'l 2m)  is  letamed  in  eqn  (27),  that  the  resulting  theory  for  widths 
is  formally  convergent  at  large  q  (the  calculation  of  shifts  still  leads  to  a  high  </  divergence) 
However,  this  convergence  is  spurious  since  il  occurs  al  values  of  q  where  Ihe  multipole 
interaction  is  totally  unphysical. 

Front  the  above  argument,  we  henecfoith  replace  eqn  (27)  hy  the  (j.iussian  foitiiula 


i:hi 


<i  ? 


Theoretical  calculations  of  11,0  lie  idilis  aiul  prevail^  shifts 
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Similarly,  if  we  ignore  (hIq7l2m)  in  comparison  lo  a/  „  in  cqn  (5.2?.)  of  I.  (lien  cqn  (5.20),  (5.21) 
of  1  lead  to  the  following  resonance  function  for  Ihc  calculation  of  shifts' 


y^A/4) 


/2 

W) 


_  i-v  r 

•'u 


c"  dr. 


The  functions  r,(A£M)  and  y,,(A£,.)  are  simply  Jlilbcrl  pairs,  in  particular! 


(29) 


y„(Afv)-  - 


Vr  r  l  ,j(/:)  .!/■: 

■n  J  „  £  -  A  £„ 


Next  one  has  to  integrate  the  contribution  of  these  functions  over .  In  view  of  cqn  (5.1 1)  of 
I,  the  shift  calculation  involves 


L'"\ A£m)  =  (2~,  |  d  '<i<r>:Ui)1y.,(AIU  Ola) 

=  «  f  dqq"  2  c*v-y,<A/:J.  (31b) 

Jo 

SimiJarly,  for  the  linewidih  one  needs 

A/n  A£;>  =  |  d’qr/Vfqrr^Afc;).  02a) 

=  8  \  d </</"  -c  r„(A£„).  (32hl 

Jo 


The  meaning  of  the  index  n  is  the  same  as  in  Section  2,  i.e.  n  -  4,  6,  8  for  lire  dipole-dipole, 
dipole-quad,  and  quad  -quad,  cases  respectively. 

In  eqns  (31b)  and  (32b)  we  have  also  retained  the  phenomenological  convergence  factor 
e',,‘,  which  was  introduced  in  I,  where  rr  b„„„.  Wc  will  now  eliminate  this  parameter  in  favor 
of  a  cut-off  procedure  more  closely  related  to  Anderson's  method.  To  do  this,  we  introduce  the 
scaling  transformation 


q  -  alb,  1 33) 

where,  at  this  point,  a  is  an  arbitrary  (dimensionless)  constant,  and  the  length  b  becomes  the 
new  variable  of  integration.  It  is  also  useful  to  eliminate  [i  in  lire  previous  equations  by  using 


I i  1  1/A|,7’  8/(717111  ). 

where  v  is  the  mean  relative  thermal  velocity.  This  gives,  with  A £„  frAiu,,, 

/(nl/  *  ,  /  "M  I,  2  i  b  d/> 


M""(  AoiJ 


©«•  i: 


1 34) 


t  (5 ) 


c‘  dr.  (3e») 


If  the  factor  e  were  not  present,  then,  as  in  the  Anderson  theory,  the  above 
expressions  are  divergent  at  the  lower  limit  b  »0  lieu-  wc  choose  to  drop  the  phenomenologi¬ 
cal  convergence  factor,  and  to  replace  the  lower  limit  simply  by  />„.  vvlicic,  with  sonic 
appropriate  choice  of  (he  scaling  parameter  «.  wc  regard  />„  as  an  effective  mini. mini  in q  ;.l 
parameter,  to  be  determined  by  Anderson's  self  'contained  i  ui  oil  piim-diiic  I  Inis,  in  eqns  • 5  j 

tA  simple  derivation  of  the  HilbcM  li.msforni  of  a  (i.tnssi.m  m.i>  In.  found  in  Kef  (l?),  \.-c  .dsn  Ivf  (Ui 


I(M 

and  (36),  we  let 


K  I)a\ h s  .iiul  B  A  on 
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Finally,  it  is  elear  that  the  above  procedure  only  defines  an  approximation  to  the  long-range 
contribution  to  the  cross  section.  it,  K  .  In  the  spirit  of  the  Anderson  cut-olf  method,  this  is  to  be 
augmented  by  a  short-range  contribution.  «sk  -  corresponding  to  classical  hard  sphere 
scattering. 

The  remainder  of  the  reduction  of  the  Q PI"  theory  to  Al  t'  form  is  now  completely 
straightforward  and  the  details  will  not  be  presented  here.  Some  helpful  correspondence 
between  the  notation  in  the  (wo  Iheones  is  as  follows: 

Kef.  (I I -»  A  l  t'  Notation 

in-/ 
h '  -  i 
iy?  -  h 
hi 

fMi-i'  or  /' 

The  following  relation  involving  reduced  matrix  elements  is  also  useful  in  the  reduction: 

MIK>||r)|-(g':--y)|<r||o||j>|:.  i38i 

and  it  should  be  remembered  that  the  definition  of  quadrupolc  moment  employed  in  Ref.  (I)  is 
one-half  the  II K  definition. 

The  final  result  of  this  analysis  is  that  the  QFT  theory  can  be  generated  from  the  ATC 
equations  with  the  following  simple  replacements  of  numerical  constants  and  resonance 
functions: 


ATC  -*  OFT 

c'J(k  )-><■;,  a "  /vlA  ) 

7 T 

S 

<■«/*( A)  —  c'„  -  it"  (ilk) 

IT 

«**  !tuk) 

7 T 
8 

t  ..I  (f  l_t  t  h  ^  a  'fj(A)  | 

In  the  above  correspondence,  the  constants  o',',  for  ri  -  4,  (>.  8  were  previously  given  in  eqn  (9i. 
Using  the  BK  definition  of  quadrupolc  moment,  the  corresponding  coefficients  in  the  QFT 
theory  are 

2 

<  i  '  ^  (d-d  case).  <  i  l/'HK)  ((/ q  case),  c;  -  I/63IKX)  yq-q  case).  l4u( 

The  resonance  functions  g(A).  0'|Al  in  the  t.'IT  theory  are  given  by 

Klk)  expj  (41) 

(ilk)  2k"  ’  J -(C)  (ft  >«). 


(43) 


Theoretical  calculations  of  ll>(>  iu  'tilths  and  presMiu*  10' 

The  functions  §(k),  G(k)  arc  simply  the  Hilbert  transforms  of  g(A).  o'(A)  and  arc  given 

explicitly  by 


Ai(t)  =  '^rCXP 


[■:?]£ 


2"|  rl.’/\  i*  Hi/..  > 


c'dl. 


G(k) 


" a  J4  Ur 


g(A')  (A  •()). 
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(44) 


As  in  the  ATC  formalism.  n(k),  G(k)  are  to  be  taken  as  even  functions  of  A,  while  e(Al.  (/(A) 
are  odd.  It  should  be  noted  that  eqn  (42),  (44)  are  completely  analogous  to  cqns  i  ha)  ,,nd  (15b) 
of  Section  2. 


4.  APPLICATION  OF  THE  THFOKII  S  TO  ll.o  IIKOA lit  N I  II  HV  N. 

The  original  calculations  of  Benedict  and  Kaplan  were  carried  out  lor  pure  rotational 
transitions  and  ignoring  vibrational-rotational  coupling.  Wc  have  attempted  some  refinement  of 
the  calculations  by  utilizing  programs  developed  at  Air  Force  (icophyvcs  Laboratory  which 
treat  the  vibrational-rotational  coupling  in  H.O  via  the  Wais<iS'''j'  asymmetric  rotor  Hamil¬ 
tonian.  In  the  case  of  the  ground  and  i/2  vibrational  states,  the  present  calculations  are  bjsed  on 
the  best  available  constants  for  the  Watson  Hamiltonian  as  determined  by  a  least-squares  fit.  In 
the  case  of  transitions  involving  the  i>t,  and  2v?  states,  because  of  the  existence  of  accidental 
degeneracies  between  these  states,  we  have  simply  performed  calculations  using  ground-state 
energy  levels  and  eigenvectors.  It  is  doubtful  that  this  approximation  introduces  large  errors  in 
the  calculations  of  half-widths,  however,  it  is  certainly  inadequate  for  the  calculation  of 
pressure  shifts.  On  the  other  hand,  at  present  only  i-2  experimental  shifts  are  available  for 
analysis. 

In  our  Anderson  theory  calculations,  we  have  proceeded  as  UK  did  by  choosing  (.*:■  the 
nitrogen  quadrupole  moment,  to  force  a  fit  to  the  5,  2.  3  ■-*(>.  I.  h  microwave  line  studied  by 
Becker  and  Autlek.12’  The  experimental  half-width  is  0.0K7  cm  '/aim  at  3I8"K  in  air.  From  the 
tunable  laser  measurements  in  Ref.  (14)  for  low  J  transitions,  one  infers  an  air  to  N:  correction 
of  yN,  =  I  1045ya„,  and  applied  to  the  Becker  and  Autlcr  result  yields  yN,  -  (1.0% I  cm  ‘/atm. 
When  the  difference  in  temperatures  is  taken  into  account,  this  is  in  good  agreement  with  'he 
result  obtained  by  I.iebe  and  Dillon''*  for  the  same  transition  iys  0  104 cm  '/atm  at  3(H)°K ). 
For  the  H20  (ground  stale)  permanent  dipole  moment  d ,.  wc  have  taken  the  value1''’  J,  - 
1.85  x  10’1* esu-cm,  which  is  about  1%  smaller  than  the  BK  choice.  We  then  obtain  a  fit  to  the 
Becker  and  Autler  line  if  Q:  =  3.00  y  10  2,‘exii-cnr.  As  mentioned  in  the  Intioduction.  ihis  is  in 
excellent  agreement  with  the  “best  available"  value,  <4>  3.04  x  10  ''  esu-cm  .  as  recommended 

by  Stogryn  and  Stogryn.12" 

In  the  notation  introduced  by  BK,  eqn  (7a)  for  the  dipole -quadrupole  case  may  be  written  as 
s'fjJLb)*  DV.'  )QU:JMk,)  i  %  t>(/. /  )U( J,. > ! )/ 1 A, ►}.  ,45) 

wheret 


In  the  above  notation,  the  corresponding  formulas  1 7b).  f  13a)  and  1 1  tb)  for  S'J  J.Ih,,).  s'Jjjh)  ,md 

S'/j,(ho)  ate  obvious 

Turning  now  to  the  QFT  theory,  the  correspondence  given  in  eqn  <3M  for  the  dipole- 
quadrupole  case  is  equivalent  to 

4  v 

Ainjftk )  -•  -4 1  <  i  ( |()  Jet  A ) 

(A  ;„)'):(  A  l,  (47) 


t  Equation  (4a)  in  Ref  (17)  omiI.hiin  a  (ypoKiaphuaf  en.u 


»  .  j-.i 


106  K  W  vv  n  s  .uni  it  A  ()u 

where  Ai^  =  /l|jy|a4/(IOjr)ll"\  anti  obvious  similar  replacements  for  the  other  resonance 
functions. 

In  applying  the  QFT  theory,  one  is  now  confronted  with  the  problem  that  the  scaling 
parameter  a,  which  was  introduced  in  order  to  obtain  a  cut-off  procedure  similar  to  Anderson's, 
is  not  given  a  priori,  and  therefore  a  ends  up  as  an  additional  undetermined!  quantity.  Two 
reasonable  methods  for  fixing  a  are  given  below. 

We  note  from  eqns  (41)  and  (47)  that  the  two  theories  may  be  made  identical  for  purely 
resonant  collision  ( k  «  AF'-»0)  by  choosing 

a  -  (  I()7t)im  =  2.16749.  (48) 

A  plot  of  the  various  dipole -quadrupole  resonance  functions  for  this  choice  of  <r  is  illustrated  in 
Fig.  1.  It  is  obvious  from  Fig.  I  (hat  the  above  choice  of  a  will  require  a  much  larger  value  of 
Q2  in  order  to  fit  the  Decker  and  Atitler  line.  Again  taking  d,  =  1.85  Debye  as  the  H.O  dipole 
moment,  we  obtain  a  fit  if  ()2  =  4.61  x  10  a,esu-cmJ.  This  value  seems  far  too  high,  however,  we 
will  retain  it  for  purposes  of  comparison.  We  shall  refer  to  the  results  derived  from  the  above 
choice  of  parameters  as  QFT  I. 


Fig.  I  Comparison  of  Alt'  resonance  functions  flk).  h[k).  and  their  Hilbert  transforms  f\k),  Flk !.  with 
the  QFT  resonance  functions  gdh.  (ilk  l.  and  associated  llilhcri  transforms  i’(k ).  fiU)  The  j  lot  is  for  the 
case  or  -  2.36749,  whuh  makes  the  theories  idcntic.il  for  oii-resouame  (A  --*0)  collisions.  Note 

that  the  A-scalc  for  the  Hilbert  transforms  is  twice  the  scale  for  the  resonance  functions  The  resonance 
functions  are  even  functions  of  k.  the  Hlhcri  traiisfoims  are  odd  functions  of  k. 

A  second  method  of  proceeding  is  to  choose  the  "best  available ”  value.'" 1  Q:  - 
3.04  x  lO'^esu-uir.  and  then  to  fix  u  from  the  calibration  line.  This  yields  a  =  2.79.  which  is 
18%  higher  than  the  previous  choice.  The  results  derived  from  this  second  set  of  parameters 
will  be  denoted  by  QFT  II. 

Our  final  results  indicate  that  the  difference  between  line  widths  as  calculated  using  the  two 
sets  of  parameters  is  never  very  great.  I  Ins  has  the  positive  implication  that  the  calculated 
widths  are  fairly  insensitive  to  the  combined  choice  for  ((.)..«»)  oxer  a  reasonable  range, 
however,  it  also  implies  that  (J;  cannot  be  acciualely  determined  m  the  piescm  theory.  As 

tFfom  eqns  OM  ;md  <36).  il  in  obvious  on  nuking  the  th.mpe  of  \.uubles  of  inlivi.ition  b  ub\  dfr  <t  d b\  th.it  (ho 
expressions  for  I.  .ire  uctu.dl>  independent  »*(  a  However,  when  the  transition  to  the  i\i.Jcrson  cul-olf 

procedure  is  nude  vi;i  eqn  (37).  where  /»,,  is  to  be  in*  -rpreted  ;»s  .in  effective  minimum  impact  parameter.  the  results  are  no 
longer  independent  of  « 

nr. 
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pointed  out  in  the  Introduction,  it  appears  that  the  overall  rnis  error  between  thcoiy  and 
experiment  at  low  J  (for  both  the  ATC  and  QFT  theories)  could  be  reduced  by  placing 
somewhat  less  weight  on  the  Becker  and  Antler  transition.  However,  in  this  paper  we  are  more 
interested  in  comparing  trends  than  obtaining,  a  best -tit  to  the  available  data  The  tatter 
procedure  would  surely  require  great  selectivity,  owing  to  the  difference  and  accuracy  of  the 
experimental  procedures  used  to  gather  the  data. 

To  complete  the  discussion  of  the  calculational  procedures,  we  make  the  follow  ing  remarks. 
Since  most  of  the  experimental  results  are  confined  to  the  temperature  range  29S-OKTK.  we 
have  performed  all  calculations  at  297‘,K.  We  have  also  carried  out  the  calculations  for  pure  N.-. 
using  30  occupied  N.  levels,  and  the  rotational  constant  for  N.  was  chosen  as  2.0cm  '  It 
should  also  be  noted  that  many  of  the  quoted  experimental  results  are  for  air  rather  than  pure 
nitrogen.  We  have  not  attempted  to  correc'  for  this,  however,  from  Ref  (14).  one  expects 
nitrogen-broadened  widths  to  be  approx  10%  higher  for  low  J  transitions  l  or  very  high  J,  this 
is  probably  no  longer  true  since  (he  scattering  cross  section  is  dominated  by  uHS  = 

Finally,  in  the  case  of  the  QFT  calculations,  it  may  be  noted  from  eqns  (4 1 )-( 44)  that  the 
resonance  functions  g(k).  G{k),  g(k),  G{k)  arc  functions  only  of  the  paramc'ei 

K  kla  2jti  />AF./«i .  (-19) 

This  results  in  a  considerable  computational  simplification  because  the  resonance  functions  can 
be  tabulated  once  and  for  all  as  a  function  of  K.  and  then  used  according  to  eqn  (49).  The 
remaining  dependence  on  a  can  be  lumped  into  the  coupling  constant  A‘n y  as  indicated  in  eqn 
(47). 

The  results  of  our  calculations  for  half-widths  arc  ptcscnled  in  Appendix  B  where  we  have 
divided  the  transitions  into  three  distinct  groups;  Group  III  lines  with  negligible  sensitivity  to 
letting  bm„<  3.2  A,  Group  B2  lines  with  some  weak  sensitivity  to  me  reduction  of  and 
Group  B3  lines  which  are  strongly  dependent  on  the  choice  of  b„„„. 

For  the  low  and  intermediate  J  lines  listed  in  Group  III,  we  note  that  the  OFT  and  All 
calculations  lead  to  substantial  agreement,  the  general  trend  being  that  the  QFT  widths  are 
smaller  than  the  ATC  widths,  with  maximum  dillerences  of  order  5%.  We  also  note  that  the 
QFT  I  results  are  consistently  smaller  than  the  QFT  II  results,  however,  the  differences  are 
typically  of  order  1%.  Therefore,  the  distinction  between  QFT  I  and  QFT  II  will  not  be 
belabored  in  the  discussion  which  follows.  Although  the  overall  comparison  of  the  theoretical 
and  experimental  results  is  not  completely  satisfactory,  we  note  that  most  of  the  large 
discrepancies  are  associated  with  the  measurements  of  Refs,  (8)  and  (9),  where  the  observed 
widths  are  consistently  high  compared  to  the  theoretical  values.  It  should  be  noted  that  the 
results  in  Ref.  (9)  are  for  air-hroadening,  while  the  calculated  widths  refer  to  N .-broadening. 

The  Group  B2  lines  of  intermediate  7-values  IK  s  J  s  13)  exhibit  the  s.,nie  general  trends, 
except  that  they  show  some  sensitivity  to  the  reduction  of  h„„„  below  the  Ilk  value  of  3.2(1  A. 
The  QFT  results  exhibit  the  greater  sensitivity,  due  to  the  Gaussian  decay  of  the  Ql-T 
resonance  functions  gilt),  G(k)  at  large  inelasticities.  For  these  transitions,  we  note,  if  is 
reduced  to  a  value  of  I  SO  A.  that  the  theoretical  w'idths  are  in  poor  agreement  with  the  observed 
values  of  Ref.  (9).  however,  they  are  in  reasonably  good  agreement  with  the  measurements  of  Refs. 
(15)  and  (lh)  Of  these  measurements,  only  one"'1  is  a  tunable  laser  observation. 

The  gtoup  B3  lines,  involving  high  J  values,  are  seen  to  be  extremely  sensitive  to  the  choice 
of  />m,„  In  Fig  2.  we  present  a  plot  of  half-width  vs  bmm  for  the  transition  I',  t).  1 5-.  Ih.  1,  lh  It 
is  seen,  if  one  is  willing  to  allow  values  ol  /»„„„  as  small  as  1.5  A,  that  the  QFT  theory  can 
account  for  the  narrow  measured  wiJth  I  he  Alt'  theory,  on  the  other  hand,  saturates  at  a 
value  for  the  half  width  of  0  010 cm  '/atm. 

It  seems  clear  that  no  theory  such  as  Anderson’s  (or  the  QFT  theory  as  used  here),  which 
treats  the  width  as  a  sum  of  two  independent  contributions  from  a  long  and  short-range  part, 
and  which  further  approximates  the  short  range  part  by  classical  hard-sphere  scattering.  c..n 
provide  much  further  theoretical  understanding  of  the  narrow  lines  at  high  /  I  he  argument  for 
this  is  simple.  In  the  present  approaches,  the  scattering  cross  section  may  be  written 

<r  rr-.x  ♦  »i  ,  K  rr 1  <f|  «  .  (Ml) 
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tag  2.  Themrlk'al  half  widths  as  a  function  of  b . .  (nr  (hr  r,  Itansttion  1 V  0  I'  -■  If'  1.  Its  I  he  theoretical 

result  <r  -  rr/>;]„„(iri  K  0)  is  imlieateil  by  trusses  I  he  experimental  result  is  eulleJ  from  kefs.  (12hUi 


where,  in  the  case  of  interest  here,  <r1  K  arises  from  ihe  dipole-quadrupole  interation. 

Wc  imagine  that  it  were  possible  to  calculate  ir,  K  exactly  or  to  any  required  high  order  in 
perturbation  theory.  Now  <r,  K  is  necessarily  positive  or  zero.  The  best  one  can  hope  ior  is  that 
an  exact  calculation  (for  high  J  transitions)  would  give  <r,  K  -  (>.  |n  this  case,  cr  ■  xb'„.,„.  I  he 
result  of  such  a  calculation  is  also  indicated  in  Fig.  2.  ll  is  seen  that  the  QHT  result  is  virtually 
identical  to  <t(  h  -  0  (maximum  dilfercnce  of  older  8‘/r)  down  to  />„„„  1.5(1  A. 

It  appears  that  there  arc  essentially  two  p  ilhs  toward  further  progress.  The  lirst  approach  is 
simply  to  accept  ~  1.50  A  as  an  empirical  fact,  and  then  to  use  it  in  all  future  calculations 
(in  place  of  BK\  value  />„„„  -  5.2  A).  Our  results  for  the  (iroup  B3  transitions  indicate  that  this 
should  work  fairly  well,  and  the  QFT  theory  appears  to  produce  the  more  satisfactory  results. 
The  one  rather  glaring  exception  to  this  is  the  r,  transition  13.  0,  13— ►  12.  I.  12  measured  b\ 
Toth."*’  Here  the  ATC  theory  produces  distinctly  better  agreement  with  experiment.  However. 
Ihe  fact  that  both  the  A  TC  and  QFT  widths  are  too  small  at  />„„„  -  1.50  A  suggests  that  pari  of 
the  difficulty  may  he  due  to  Ihe  use  of  ground  stale  energies  and  eigenvectors  in  the  theoretical 
calculations.  It  would  seem  that  the  most  crucial  question  is  how  well  the  theories  will  work 
(with  bmm  -  1.50  A)  for  lines  of  intermediate  J  values.  As  stated  previously,  our  present  results 
for  such  (Group  B2)  transitions  are  rather  inconclusive  in  this  regard 

The  second  (obviously  more  difficult)  approach  is  to  try  to  formulate  the  detailed  interaction 
which  takes  place  at  small  inlermolceiilar  separations  Such  a  theory  must  account,  at  least 
qualitatively,  for  the  strong  repulsive  exchange  interactions  which  occur  when  the  electron 
clouds  overlap,  and  must  yield  Ihe  dipole -qundiupolc  interaction  at  larger  separations.  Unless  a 
"potential"  to  describe  such  effects  can  be  formulated  semi  rigorously  from  lirst  principles,  we 
visualize  lhat  the  results  of  such  a  theory  would  largely  be  a  reflection  of  whatever  parameters 
were  initially  built  in  to  specify  the  interaction. 
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A  final  point  to  be  made  in  Ibis  connection  i,  that  the  OIT  icmiIi  pi  veil  in  eqn  (4).  i  e  the 
probability  for  a  collision  involving  inelasticity.  ,5b.  is  ( j.nissian.  is  very  p.cncial.  In  particular,  it 
assumes  only  conservation  of  energy  and  inoinenium.  and  a  Holt/mann  distribution  of  velo¬ 
cities.  It  can  be  applied  to  any  potential  (phenomenological  m  otherwise)  for  which  the  Fourier 
transform  exists,  and  which  can  be  treated  using  second  oulei  perturbation  theory.  Although 
both  of  these  assumptions  run  into  ililliciilty  at  u  iv  close  molecular  separations,  the  implication 
of  weak  collisions  for  high  J  stales  seems  valid 

The  results  of  our  calculations  of  pressure  shifts  for  measured  e>  haiisiiions  arc  presented  in 
Appendix  C.  The  theoretical  calculations  (from  both  theories)  show  no  relation  to  the  experi¬ 
mental  results  for  the  two  high  J  lines  IS,  I.  |5— lb,  o.  i(,  ;,nd  14.  I.  14—15.  0.  15  No 
explanation  for  this  difficulty  is  presently  available,  although  one  possible  interpretation  is  that 
the  shift  for  these  high  J  transitions  cannot  be  concclly  calculated  without  treating  the 
short-range  interactions  in  detail 

For  the  remaining  low  J  transitions,  the  QIM'  theory  gives  the  correct  sign  of  the  shift  for  all 
six  lines,  and  yields  numerically  accurate  values  for  four  of  these  transitions  It  is  also 
interesting  to  "interpret"  the  frequency  shift  in  terms  .if  the  individual  level  shifts  of  the  lower 
and  upper  radiative  states.  Such  an  interpretation  is  not  completely  unambiguous  since  the 
determination  of  is  a  joint  properly  of  (he  initial  and  final  stales  i,  f  I  he  results  of  such  an 
interpretation  are  shown  schematically  in  big.  5  for  the  three  transitions  X.  V  5—9,  4.  h;  h.  4. 
2  —  7,  5,  3  and  5,  0.  5  —  b.  3,  4.  I  he  results  fot  the  other  three  low  J  transitions  i  f  Appendix  C 
are  essentially  identical  to  the  situation  depicted  in  big  3(b).  From  big  3.  we  note  the  following 
results:  (I)  in  all  cases  the  signs  of  the  individual  level  shifts  are  identical  from  the  ATC  and 
QFT  calculations,  (2)  in  most  cases  the  shift  of  the  lower  (ground)  stale  level  is  larger  (han  the 
upper  (m)  state  shift,  (3)  only  in  the  ease  of  the  5,  (I.  5  state  is  the  level  shift  negative.  Regarding 
point  (2),  the  ATC  result  for  the  transition  X,  3.  5  —9.  4.  (i  is  anomalous  in  that  the  upper  state 
shift  is  greater  than  the  lower  state  shift  and  this  leads  to  a  positive  lieiiucncy  shift 


f  001241  m  ’  /' 


/o*t  i  !  . OOL'k  m  Vain. 


8,3.5  — *  9,4,6  (V,) 


aic 

— 

j  ik)  u ' 

6  ,4.2  >  7.5,3  (  V',  ) 


I  .0070 


|00?  4 

[ 

5,0.5  -Hv.M 


Ftg  i.  Individual  level  shifts  for  thiee  h  ind  if.nt- iln*iiv  I  In-  symbol1  I.  /  tU  n.  i.  impel KfUM  level 
pttMlionv  I  he  v.inlmK  l‘  I  ‘  denote  p«r\‘ine  -.tufted  It  -els 


110 


K  V  |)awi  s  .mil  It  A  III  I 


Concern  inn  Ihe  sign  of  the  level  sin. in,  it  is  easy  lo  sec  that  the  contribution  to  the  shift  of 
slate  i  from  a  collision  i  >i',  will  be  positive  (negative)  when  k„ 

(2ncb0h')(E,  -  ^  EJt)  is  positive  (negative).  I  he  dependence  on  the  pcrturlicr  slates  J.. 

J’i  makes  a  complete  analysis  difficult,  however,  taking  into  account  that  Ihe  rotational  consi.mi 
for  Ni  is  small,  k,„  will  tend  to  be  positive  (negative)  when  (f:,  -  fv)  is  positive  (negative)  We 
then  consider  the  state  /  -  (5,  0,  5)  where  Ihe  theory  leads  to  a  negative  level  shift  I  his  slate 
has  strong  allowed  dipole  transition  to  the  stales  7  ■=  (4,  I,  4).  (5,  I.  4),  (h.  4.  4).  (tv  I.  ft  I,  with  the 
dipole  line  strengths  given,  respectively,  by  l)(i,  i')  =  0.3554,  (1.1774.  0.01 13.  0.4524  Lie  cor¬ 
responding  energy  differences  areffc',-  -  100.51, -74.11.  -  323.64.  -  121.91  cm  '.  We  note 
that  ( E,-Er )  is  negative  for  three  of  these  transitions,  and.  in  particular,  is  negative  lor  the 
strongest  transition.  Although  such  arguments  are  rough,  they  mjy  he  useful  for  a  qualitative 
understanding  of  the  level  shifts. 

A  final  quantity  of  interest,  e.g.  to  meteorological  applications,  is  the  temperature  dependence 
of  the  half  width.  Because,  to  our  knowledge,  no  accurate  experimental  determinations  of  this 
dependence  exist,  it  seemed  unwarranted  lo  undertake  an  extensive  theoretical  investigation  of 
this  question.  However,  of  some  interest  here  is  the  comparison  between  the  predictions  trom  the 
ATC  and  QFT  approaches. 

In  the  case  of  the  ATC  theory,  it  is  generally  found"71  that  a  power  law  of  the  form 

y(T)ly(Tu)  --  (TJT)"'.  (.Ml 

adequately  describes  Ihe  temperature  dependence.  We  have  also  found  this  to  be  true  in  the 
QFT  theory,  at  least  for  low  J  transitions  (where  the  choice  of  plays  no  role).  Results  for 
the  exponent,  m,  for  four  lines  of  relatively  low  J  are  shown  below  in  [able  I  We  see  from  the 
results  in  Table  1  that  the  two  theories  are  fairly  consistent,  wilh  maximum  differences  of  order 
H%.  The  results  at  low  J  arc  also  roughly  consistent  with  an  effective  cross  section  which  is 
temperature  independent,  i.e.  the  prefaclor  nr  in  eqn  (5)  is  proportional  to  (7  )  hence,  an 
average  effeelive  cross  section  which  is  temperature  independent  would  \icld  m  -0.50. 

At  high  /,  e.g.  the  v?  tiansition  15.  0.  15 -lb,  I,  lb.  we  find  a  complicated  tcmpeiature 
dependence,  which  also  depends  sensitively  on  Ihe  choice  of  For  example,  if  we  choose 
bmm  =  1-50  A  for  the  above  transition,  we  find  drastic  deviations  from  the  power  law  of  eqn  (5 1): 
the  temperature  dependence  o'  y (  7)  is  much  smaller  than  at  low  J.  and  the  Anderson  theorv 
leads  to  a  positive  tempcrat.ac  dcpendciivc  (corresponding  to  m  being  negative  in  eqn  (.'ll] 
while  the  QFT  theory  predicts  a  negative  temperature  dependence.  An  experimental  in¬ 
vestigation  of  this  question  would  be  interesting  but  probably  exlremely  difficult  due  lo  the 
narrow  line  width  and  relatively  slow  temperature  dependence  (in  going  from  225  to  550' K  the 
ATC  and  QFT  theories  predict  a  change  in  y  of  f  lb  and  -  11%  respectively). 

In  conclusion,  we  offer  the  following  appeal  for  further  experimental  studies: 

(a)  It  would  be  valuable  to  use  high  resolution  tunable  lasers  to  remeasure  (in  the  i ;  band! 
some  of  the  low  J  transitions  studied  in  Refs.  (8)  and  (9).  The  Sanderson  and  Ginsberg 
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Theoretical  calculations  of  11.0  li  widths  amt  p/csoi/c  .Jiifls  1 1 1 

measurement  of  the  1,  1,  0-»2,  2.  I  transition  remains  as  a  particularly  acute  embarrassment  to 
the  theories.  For  the  low  J  transitions,  we  have  generally  found  good  agreement  between  the 
results  from  the  ATC  and  QFT  calculations,  and  these  are  lines  for  which  the  long-range 
dipole-quadrupole  interaction  is  dominant,  with  ve.y  weak  dependence  on  the  choice  of 
Drastic  discrepancies  between  theory  and  experiment  for  these  lines  can  only  icmiIi  from  the 
inherent  uncertainly  associated  with  the  Anderson  cut  off  method,  or  possibly  with  the  use  of 
second-order  perturbation  theory  to  describe  the  scattering  processes. 

(b)  In  order  to  ascertain  the  effect  of  reducing  h„„,  to  a  value  of  1.50  A,  it  would  be  useful  to 
make  a  number  of  high  resolution  measurements  of  widths  for  transitions  involving  inter¬ 
mediate  J  values,  e.g.  J's  in  the  range  9s/  s  13.  These  lines,  theoretically,  will  exhibit  some- 
distinct  dependence  on  whether  one  chooses  h,„„,  -  3  20  A  (the  UK  value),  or  the  choice 
hm,n=  1.50  A  which  is  suggested  from  the  measurements  of  l-'ng  at  high  J 

(c)  It  would  be  extremely  useful  to  collect  additional  laser  measurements  of  Ha)  pressure 
shifts.  This  is  an  area  where  the  difference  between  the  ATC  and  QFT  calculations  can  be 
pronounced  even  at  low  /  values.  Such  measurements  could  help  to  dilfcicniiatc  the  merits  of 
the  two  approaches. 

If  satisfactory  resolutions  of  some  of  the  above  uncertainties  can  be  obiaineJ,  it  would 
appear  that  the  theory  presented  here  can  be  applied  with  rather  good  confidence  to  widths  of 
HjO-N2  over  a  wide  range  of  J  values.  The  calculation  of  shifts  is  more  delicate,  and  the 
success  of  the  present  calculations  appears  to  be  limited  to  low  or  intermediate  .1  transitions. 
Additional  experimental  results  should  delineate  the  range  of  validity. 
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Am-NDIX  A 

Second-order  pressure  shift*  in  (he  Anderson  formulism 

Let  us  begin  with  (he  integral  equation  for  the  /  tiialnx  m  Anderson's  theory 

/(()  I  (J')f  «,(/•)/( I'lill.  (All 

IlM  )  -  e )c  (  \:> 

where  Ho  is  the  unperturbed  Hamiltonian,  and  H.(l’)  is  the  collision  Hamiltonian  with  the  clusMcal-path  time  -dependence 
Iteration  of  (Al)  leads  to  the  series  given  in  eqn  (4V)  of  Anderson’s  original  paper t,y*  Similarly. 

T(l)  ’  -  T(/jt  I  4  QjJ  TV)  'fl,V)<ir.  lAA) 

Iteration  of  04ns  (Al)  and  (All  to  second  utdci  yield'. 

f  lim  7(1 )  !'„  t  f,  t  fj  r  •  ■ 

T  '  limT(r)  1  7.  'iT.'  +  r.  ‘t  •.  (A4| 


Tit-  la  ’  —  I . 


r,  -  r,  ■  -  -  ,/*. 


where  (in  Anderson's  notation) 


l‘  ll.Viil.  (Adi 

,J  df  |  ill’HAOHM’).  (A't 

/..  1  -  aj  J  d,  /  VHAnilV)  (AX. 

If  (he  non-commulivily  ol  Hr(r'(.  H.tr")  in  eqns  (AT)  and  l AS)  is  ignored.  Ihen  by  a  standard  Kick  of  interchanging  (he 
names  of  (he  dummy  variables  of  integration,  one  obtains  the  result  of  eqn  (51)  m  Anderson's  paper,  i.e 

f,  -  7  ,  1  -  -  *  P\  (Ad) 

Now,  for  the  calculation  of  the  cross  section,  one  requires  diagonal  matrix  elements  of  T:.  From  Anderson’s  approximative 
(AV)  one  finds 

(n|r,|n>-  -  ^(n|f’?in) 

-  1 2  <"|P|n'X«'|f’l'i> 

=  N'V>I; 

=  dr  e‘'“'(n|H,(r)|n‘>|:,  (  AlOl 

where  w„M  =  um  --  av  =  ( fcV°*  ~  fc'J’l/A  If  we  define  the  Fourier  transform 


II.  (.a)  j  dfe*“' 11,(1). 


then  eqn  (A  If))  may  be  written 


<n|f  .-l")  I,  X  I  <ri|/f.  («.,  >|n,)|I. 


The  correct  treatment  of  eqn  <A7).  on  the  other  hand,  yields 


7»  ?(  . 


t(’i|iTK«'  lljt "1  fl)«ir 
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lit 


The  trick  now  is  to  introduce  the  inverse  Fourier  transform 

H.f/J-q-  J  dia//t (la) e  *“* 

Making  use  of  (his  in  eqn  (AI3I  gives 

<"|T}|n)  =  -  jjJjp  2  j  iiu‘ j  d<a*(n|/;,t<a')|(i'Kfl'|ff,(ia'')|/i)  J  dr  e"  “  “  J  dr'e 
The  integration  over  r'  yields’ 

f  dl.e  -K-  =c  "--'“  fetu,.  U'lli  ,V  I 
J.m  l  *  W  | 


The  f‘  integration  then  simply  gives 


2irh(w'  l  w"). 


When  the  integration  over  u"  is  eliminated,  we  obtain  (with  w'  ->  ia) 

<n|r,|/i)  =  -ji(~2  I  dw(n|W,  lia)|n')(n'|//,(  ia)|n>-  Jrrdtia,.-  -  ia)  4  i 
Since  HAD  is  Hermitian, 


<n'|f/,(  -ia)]n  (n|//, (wl|iT>*. 


I A 14) 


lAI>) 


(AIM 


(AI7) 


(AIM 


(AIM 


so  that 


<n|X2|n>=  |jj</r|/f.<w.„  )M'\  ui-:l^  |>|».«at|r,')|!.  ,A20) 

A  little  consideration  shows  that  («|iy  *(«)•-  <«|T?|n)* 

We  note  that  the  real  part  of  eqn  (A20)  is  identical  to  Anderson's  result  of  eqn  (A  12).  and  this  gives  the  usual 
contribution  of  Sjlbh*,,,,  to  the  line  width.  The  imaginary  term  in  eqn  ( A 20)  yields  the  second-order  shift  contribution,  and 
this  term  is  precisely  the  Hilbert  transform  of  the  width  function  Subsequent  reduction  of  the  cross  section  using  the 
standard  ATC  methods  then  leads  directly  to  eqn  (13a)  for 
Finally,  to  obtain 


we  require  integrals  of  the  form 


where  k,  =  bAwje.  Since 


we  need 


s\',',xb„) 


dhr:;.’, ,(/•>. 


/  - 


I  f*2/iilh 


At,  i. 


A*,) 


Pr  r  /ll'iill' 

:  V  J  ..  A'  A,  ' 


,  i  r-zhiibivr 

~ba  Jh*  b*  n  J  -  A’ 


/(A  )d*' 

-  (hAus/t  > 


(A2I) 


(A22) 


(A’.ll 


We  let  A'  *  b*‘h  where  w'  ts  the  variable  of  integration,  and  then  reverse  the  orders  of  integration.  This  giies 


hd  h 


,  Pr  (•  dm'  2 

I  *  —  I  T"  .  j  lU’ai  I  Id 

rr  }  .  u  -Aw,  b„  }K 

_  1 .»('  .<*-•  ,.r‘bdh  , 
b„*  rr  J  Aw,  )H  h'  ,lhu‘ 

Next,  we  lei  b  =  and  obtain 

where  k ,  *  brw'/e.  From  eqn  (15a).  this  is  just 


ft ). 


i  pr  r  ,l.„ 

ho*  IT  J  ,  w'  Aul, 


/•  1  A„) 
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(A24) 


(A2A) 


t  A2M 
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finally,  multiplying  the  numciator  and  denoininjtnr  of  ripi  (A26)  by  boil1,  yields 

i  /W‘liua,i 

h,r  it  J .  i„  "».*'■ 

where  k,a  =  boAWc  This  analysis  uninediaiely  yields  cqn  ( I  )h)  of  Scclion  2 


Al'HKNDIX  II 

Half  widths  for  meusurtd  Nj  (or  uir)  broadened  H,()  transitions 

The  following  lines  show  applicable  values  lot  Ihe  succeeding  lablc.  Common  parameters.  T-  297°K.  O' ■  » 
i  85  x  |0  “esu-cm  (ground  state),  d,  -  1.82  x  1(1  “esu-cm  I r,  state)  Anderson  Theory:  Q;  -  3  00  x  KT2*  esu-cm1.  QFT  I 
0!  =  4.6Ix  10  H  esu-cm1,  a  =  (!0ir)IM  =  2.36749.  Ql-T  II:  Or  =  3.04  x  10'  *  esu-cm-’.  a  =  2.79.  Half  widths  in  cm'/alm. 
(  )  =  Results  of  Benedict  and  Kaplan  at  30fl°K;  for  Ref.  1 16).  theoretical  values  as  quoted  from  Cates  el  rot  =  pure 
rotational  transition. 


Group  Bl.  Lower -slipper  (3,  K„,  K,). 


Transition 

ATC 

QIT  1 

QIT  11 

Experiment  t  Reference 

5  .  .* ,  *.  *  6,1,6  rot . 

0 . 1 001 6 
(0.090) 

0.1009  6 

0.10060 

( c.j  1  i br«i t ion  line) 

0. 087  (Air,  3)  B°K)  »  Ref.  (2) 

0. ion  <N2,  300”K),  Ref.  (J) 

2,2,0  -  3,1,3  rot. 

o.iubtn 

(0.096) 

0.10610 

0.  10679 

O.tm  (N,),  Ret  .  GO 

0.  !  1  1  (N;>,  Rel  .  (  S> 

0.111  (Nj),  Ret .  (b> 

3,2,1  ♦  9,1,9  rot. 

0. 1Q66B 
(0.09b) 

0. 1037 9 

0.  1  (199  J 

0.09b  (Air),  Ref.  (7) 

1,1,0  ♦  l  ,2 , 1  rot . 

0. 11 361 
(0. 107) 

• 

0.  1  069  9 

n. 10896 

0.1B  (N2>,  Ref.  (B) 

J,?, I  ♦  4.3*7  rot . 

0. 09667 
(0.087) 

0.09666 

0.09691 

0.12  (N?>,  Ref.  («> 

HD 

0.09919 
(  0 . 08  9) 

0.09/97 

0. 09836 

0.13  (N?>,  Hel .  (8) 

0. 07.118 
(0.066) 

0.0706 ) 

0-  11/  19  H 

0.08  (Air) ,  Ret .  (9) 

6,3,2  ♦  6,6,1  rot . 

0. 08 089 
(0.0/3) 

0.0790'., 

0.07989 

0.0'J  (Air),  Ref.  <  B) 

0.072/6 

(0.066) 

0. 06987 

0.0/093 

0.07  (Air),  Rel.  (9) 

6,3, J  -*  7,6,2  rot. 

0.06661 

(0.07/) 

0.08  3/8 

0.08969 

0.07  (Air),  Rel.  <9) 

6,2,6  ♦  7,6,2  rot. 

0. 07.16? 
(0.  (167) 

0. 07  060 

0.071  17 

().n«  (Air),  Ref.  (9) 

6.1,6  ♦  7,1,3  rot. 

0.06379 

(0.076) 

0.  OHO 67 

0. OH i  17 

O.  ( 0  (Air) ,  Kel  .  (  9) 

7.3,6  *•  0,6,2  rot  . 

0.069/3 

(0.063) 

0.06771 

0.1167  7/ 

0.0/  (Air) ,  Rel .  (9) 

Tr>ms it  mu 

3.1.2  -  1,2,1  2v 

2.1.1  ►  2,2,0  ?v? 

5.1  •  b,2,3  /\>? 

2,0,2  ♦  3,1, J  2v? 

3.1.3  ♦  4 ,0,4  2v? 
2,1,2  -  2,2,1  2 

b ,  u ,  b  ti ,  1  , 4  2  V  ^ 

6 . 1  ,  b  *  b,2,4  2v^ 
3,0,3  ■*  4,1,4 

8  ,  b  ,  J  7.4,4  v  j 

4.1.4  -  b,0,b  ?v., 
•*,1,4  •*  4,2,3  2  W  2 
4,0,4  ♦  b,l,S  7v? 
7,1,6  *  7 , 2 , b  2v^ 

4.2.3  ♦  o,l,4  2v? 

7 . 2  ,  b  -  7,3,4  2v<| 

6.2.4  *  6,3,3  2V., 
/,6,l  ♦  6,4,2  Vj 

1.1.1  *  2,2,0  2v2 
9,4,b  -  8,3,6 

3.2.1  -  3,3,0  ?v? 

4.2.3  ♦  4,3,2  2v? 

7.6.1  •  6,*>,2  vx 

6 . 2  ,  b  *  6,3,4  2v2 
8,b,4  -  7,4,3  V[ 

4.1.3  *  b,2,4  2v? 
8  ,  4 , b  ♦  7,2,6  V  j 

7  ,  b  ,  7  •  6,4,3  \*i 
7*6,3  *  6,4,2  »x 

7.3.4  ♦  7,4,3  7v 


u.  1  ou'iii 
Cu.  nr.) 


K  V  D.utis  .mil  11  A  On 

llllMlp  M I  {(‘Ollhtl 

V/1T  l  ||  l.xper  iraeiil  6  Kel 

•*  u.iOI/b  0.048  ( A  .  r  )  ,  Kel  •  ( 

) 

I  ii.uiii'i  O.I04M  0.0*1/  (Air),  K.  1  -  ( 

) 

«  U.1U/II4  0 .  10  34  ti  (1.1  Ob  (Ail),  K-’l  .  ( 

) 

'J  0.  j  oh  om  0.11016  0.1  01  (Air),  Ret  .  ( 


0. 042118 
(0.083) 


0. 08307 
(  0.07b) 


0. 0*174  6 

(0. 08H ) 


0.0‘J?  (Air) 

Kel  . 

(!■•> 

0.10b  (Ail  ) 

Rt'l  . 

(16) 

0 . 0*17  (Air) 

Ref  . 

(16) 

U.0‘34  (Air) 

Kel  . 

(It.) 

O.O'I'I  (Air) 

Ref  . 

(16) 

0.067  (Air) 

Kef. 

(16) 

O.OB')  (Air) 

Kef. 

(16) 

0.00'.  (Air-) 

Kel 

cu.) 

0.08'.  (Air) 

,  R.*l  . 

(16) 

0.083  (Air) 

,  Kel  . 

(16) 

0. OHO  (Air) 

Ref  . 

(10) 

0 . OHO  (Air) 

,  Pel  . 

(16) 

0. OHO  (Air) 

,  Pel  . 

(16) 

0.064  (All) 

,  K.-f  . 

(  i  > 

0.101  (Air) 

Kef  . 

(16) 

0.000  (Air) 

Kel. 

(  1  6  )  ] 

0 ■ 041  (Air) 

,  Kel  . 

(It.)  ' 

0.084  (Air) 

,  Ret  . 

i 

0.061  (Aw) 

,  Kel  . 

(16)  | 

0.071  (Air) 

,  Ret  . 

(i*.> 

0.07.)  (Air) 

,  Kel  . 

Ti.')  " 

U.O'lO  (Air) 

,  Kel  . 

(  1  *•  ) 

0.081  (Air) 

,  Kef  . 

U6)  j 

0.06')  (Alt  ) 

,  Kel  . 

(16) 

0.0/2  (Air) 

Kel  . 

( ;»  ) 

0 . OH  3  (Air) 

Kel  . 

c-..)  1 

i 

118 


k  Davus  ,iiuI  It  A  (Ml 


(ilotlp  H? 


Tr.iii*.  i  l  )<>ti 

ATI* 

(/IT  1 

grr  1 1 

Lx j»-i' i mt'ii  t  1.  K«-l 

•1.1  ,'l  *  l  U ,  /  ,  ll r«  H  . 

b  l./nA 

"In  /.Ml 

1  .  Mi 

(  0  .  US'i  > 
41.  OSH  1  «• 

II .  (IM.II'I 
i).  OSMlU 

0.  OS.I  /  | 
ll.  O'l  ‘I /It 

ii.  on  oh* 

0.0 SO  0.1 
0.  OS  I'M, 
0.0SI7  1 

0.07  (Air) ,  K.-f  . 

li ,  ? ,  7  *  1 0 ,  S  ,  liu i*« » l  . 
b  l./OA 

H*1"  /.Ml 

1  .  MJ 

(  0.  III.  /  ) 
0.0/  ISO 
(1.0/  1  IS 
0.0/  1  IS 

n.  ni.Mn/ 

I' .  00  /0  •) 

II .  III. /'I  / 

0. 0/0/7 

0 . 01.010 
0. 000  10 

0.  J  0  (Air)  ,  K.  l  . 

9,1,8  *  1  0  ,'l  ./„!•*»  1  . 
b  .1 . .’  UA 

•IU  /.Ml 

j  .  Mi 

<  (1.  OS  1) 
0.  MSI,  (  | 

11  .  IIS'*  s  » 

0.  II  .S'I  S.l 

0.  IlSI  I  s 

O  .  O'l  OH  1 
0.  IJ'l  1. 1  1 

It.  0  S  /  *  7 
ii.  on  H  *10 

0 . 0'IU  7  0 

0.  1  0  (Air)  ,  K-  t  . 

I0,|  ,1(1  ►  1  1  , /.9  rot  . 
b  .1 .  /  DA 

",M  /.M. 

1  .  Ml 

(  0  .  Il'l'l  ) 

0  .  IJ'l  1.1.  1 
0.  d'l  /  'll 

0  .  O'l  7  7.1 

" .  on  ton 

ll .  0  it./  t 
0.  II. m  1  0 

o.  on  no*, 
o .  o  mi  / 
O.t)  1/00 

0.  UH  (Air)  ,  krf  . 

1  U,  1  ,‘l  »  |l  ,«* ,8  rot  . 

b  •  l./uX 

nun  ?  l>0 

1  .  Mi 

(  0.  (Ml  i.l 

o.  n«i it »,.< 
0.  on  S',/ 
(i.  on  sso 

ii .  o'i  no 

o.  u  »«/  / 

0. 0  11.1,9 

n.  on  su  •» 

o .  on  o/o 
o.  onn  n 

O.OS  (Air),  Krl  . 

1  0  ,  /  ,  H  ►  J  l  ,  S  ,  7  i*o  l  . 

i*  j./uX 

mitl  /.SO 

l  .  MJ 

(0.  I»S/) 

n  .  III.  i  ss 

0.  IM.II'I  tt 
0.  IM.II'I  (I 

0.  OSI.  I.t 

II  .0'./  so 

0.  (IS ‘/II. I 

n. os/// 
n.  osn  i'i 

0 .  osn m  i 

0 . OH  (Air) ,  krl. 

10,/,'/  »  1  J  ,  1 ,  H  rut. 
b  -  i . / uX 

,nl,‘  /.SO 

1  .  Ml 

(  0.  01.  '♦  > 
0.  (17 III./ 
o. O/nsi 

0. 07  MSI 

ll .  IM. SS/ 

o. non  h i 
o.  non  ii  i 

0.  01.701 

0.  OOO'.H 
II.  OOI.SH 

II.  11/  (An  )  ,  1. ■  - 1  . 

1  l  ,  1  ,1U  ►  l/,n.9  rul . 
b  -  i./oA 

mtn  I .  Ml 

I  .  SO 

(  0.  O'l  1  ) 
0.  oil  I  II 

0.  O.lliHS 
II.  O.IHM, 

II.  0001  s 
0.  o  </M 
0. 0.1IIJ7 

ii.  on  no o 

(J.  (1  <n  H» 

o .  it  i  ?  o  n 

ll.il/  (Au),  k  1. 

11  ,/,'»  ►  1  / ,  S ,  8  **«# t. 

b  i./uX 

",n  /.so 
i.so 

(  /).  uu'i) 

0.  (ISOM  I 
0.  O'l  MO 
0.  O'l  /It'* 

ii  .  on  s  n 
'.1.0  I'l  17 
0. 0  1/S‘l 

n.  on 7i j 

o.  on i ub 
o .  on  i  o  t 

0.07  (Air),  Krf. 

•7,1,10  ►  I  3 . u  9  rot . 

i>  -  .i .  /  oA 

min  /.so 

1  .  so 

(0.01,3) 
0.  Oi. ‘I/ll 
(1 .  (11.91  .1 

0.  Ol.'J  1 .1 

0. 00/ HH 

0. 00  1 0/ 
II.  011 l  <17 

o.  oonutt 
o.  non 7.1 

0. 00*173 

O.OS  (Air) ,  Kef  . 

1  (>,/,«  *  J  1  ,  J/l  V 
l»  -  3.2UA  2 

mi"  7.  SO 

l  .  SO 

(0. OS'*  ) 
0.  IIS'1'11 

0.  OS'tS/ 
0.  IIS'l s/ 

0.  IISOOH 

0.  OSS/0 
o.  ossi  a 

o.  os /no 

0.  OSblS 

0.  OSOJS 

0 .  O'*  3  S  (Air),  Ke 

11,1,10  ‘  1  0 , 2  ,  ‘J  v 

b  •  .i./oA  1 

um‘  /.SO 

l  .  so 

(0.  Il'l'l  ) 
0.0  1‘1/M 
0.  II. M*/  1 

0.  (J.t'l  // 

II.  II .<  //  l 
<1.  <11010 
0.0/990 

0.03709 

0. 03111 
o.  031 1  n 

U.OJS  (Air),  Krl 

0  ,  7  ,  )  •  /  ,  0 , 7  v 
b  -  i./oA1 

min  y,0 

1  .  SO 

(  0  .  O'l  /  ) 
o.  ii'i'i  m 
n. on  j /n 

0.  O'l  i/M 

it.  on  i  s  i 

0. 11.1  OH/ 

0. 0  1011/ 

o.  on?  i  i 
o.  on i oo 
o .  on  mo 

0.037  (Air),  Krl 

(.,1,1.  *  7,0,7  /v.. 

1,  -  .l./(>H  ‘ 

m‘"  /.SO 

1  .  so 

(II.  Ill*  J  > 

0.  111. II  10 
O.  01-  #11 I, 
0.  (II. /III. 

0.  Ill,  1  /  / 

0.  osoi  «■ 
ll.  OSOI  / 

0.003/S 

o.  dm  a  l 

0.  Ool  H  1 

O.OS)  (Air),  Krl 

'1 , 1) ,  ‘J  *  II  ,  1  ,  rt  /  \* 
i,  .  i./nX  / 

min  .  . n 

/ .  su 
l  .  SO 

(0. onn ) 
o . on  so/ 

II .  O'l  t  S  1 
o. on  i  .17 

ti.  on  i  o  / 
o.  o.i3n n 

0.  011  HI 

o .  on  /  ?  i 
u.  o.is/s 

u.oin/n 

0.038  (Air),  Ket 

H  ,  /  ,  /  •  1.1,11  /v.. 
i,  i. /hH  ' 

K“'  /.SO 

I  .  Ml 

(0 . H  S 1  ) 
o .  ti'.n s  i 

II.  O'.  1  /  1 
<1 .  IIS  1  /  1 

ii.  on  -in  i 

II  .  IM*  Vi,/ 
o.  no  /i.  / 

ii  .  usmiH 
o.  on  u  s  / 
o .  on  *r.  / 

O.lins  (All),  Krl 

F>  8 


■r ■ 


Thctwcliuil  ciikuUffcius  of  H.O  l»  wulilis  .uni  pirwuic  shifts 


Oioup  III 


TlMnsil  lull 

Air 

*7i  r  i 

|.H  i  1  1 
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